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ABSTRACT. We examine a variant of a Banach space %(1)’1 defined by Argy-
ros, Beanland, and the second-named author that has the property that it
admits precisely two spreading models in every infinite dimensional subspace.
We prove that this space is asymptotically symmetric and thus it provides a
negative answer to a problem of Junge, the first-named author, and Odell.

1. INTRODUCTION

The notion of an asymptotically symmetric Banach space was introduced in
[JKQJ. A Banach space X is asymptotically symmetric if the asymptotic behavior of
arrays of bounded sequences in X behaves well under permutations in the following

way: there exists C' > 1 so that if (xg-l))j, ce (:C;n))j, are bounded sequences in X

and o is a permutation of {1,...,n}, then whenever the iterated limits

Jj1—00 Jn—>00 Jj1—00 Jn—>00

Ly = lim --- lim ng? and Ly = lim --- lim ng-j(i))
i=1 i=1

both exist, then L; < CLy. The original definition from [JKO] is using ultrafilters,
however it is observed in their preliminary section that the above formulation is
indeed equivalent. The property of being asymptotically symmetric is isomorphic
and it is a relaxation of the notion of stable spaces from [KM], in which L, = Lo.
As it was observed in [JKO], this is indeed a relaxation of stability: Tsirelson space
from [T] is asymptotically symmetric but does not admit an equivalent stable norm.
This is because stable spaces must always contain a subspace X isomorphic to some
£y, 1 <p< oo (see [KM]) and the space T is an asymptotic-¢; space that contains
no such subspace X. Naturally one may wonder whether asymptotically symmetric
spaces must have subspaces that are asymptotic-¢, spaces.

Problem A ([JKOJ]). Let X be an asymptotically symmetric Banach space. Does
X contain an infinite dimensional asymptotic-£, or asymptotic-cy subspace?
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This problem belongs to a general class of questions that ask whether a property
concerning the asymptotic behavior of arrays of sequences (or any other structure
for that matter) in a Banach space X can provide more information about other as-
pects of the asymptotic behavior of X (see, e.g., [FOSZ] and [AM3]). The property
of being an asymptotic-£, or ¢y space concerns the asymptotic behavior of a Banach
space X as a whole and not only that of arrays of sequences. It was first introduced
in [MT] for a Banach space X with a basis (e;);. Such an X is called asymptotic-¢,
(or asymptotic-cy if p = o00) if there exists C' > 1 so that for every n € N every
normalized block sequence (x;)}_; of (e;)i>n is C-equivalent to the unit vector basis
of £;. In this case (e;); is called an asymptotic-£, (or asymptotic-cy if p = co) basis
of X. The definition was later generalized in [MMT] to all that of Asymptotic-¢,
Banach spaces and it relies on the notion of a two-player game between a player
that chooses co-finite dimensional subspaces and a player that chooses vectors. It
is not hard to see that a Banach space contains an asymptotic-£, basis in the sense
of [MT] if and only if it contains an Asymptotic-£, subspace in the sense of [MMT].

To solve Problem [Alin the negative direction we consider a slight variation X&/f
of a reflexive Banach space %(1)71 defined in [ABM]. In that paper a sequence of spaces
(X5 1)n is defined and the space )(1_/12 is a variation of X7 ; for the case n = 1. These
spaces have hereditarily heterogenéous spreading model structure. Recall, if (z;);
is a sequence in a Banach space and (e;); is a sequence in a seminormed space we
say that (z;); generates (e;); as a spreading model if for every n € N and scalars
Aly...,Qp

lim --- lim
Ji—oo  jn—roo

n n
E a;Tj; E a;€;
i=1 i=1

The above definition is from [BS]. It is almost evident that if X is an asymptotic-
¢, (or asymptotic-cp) space, then every spreading model generated by a weakly
null sequence in X must be equivalent to the unit vector basis of ¢, (or ¢p). The
characterizing property of the spaces X, n € N, is that all spreading models
generated by normalized weakly null sequences in these spaces are either equivalent
to the unit vector basis of #; or of ¢y and both of these sequences appear as spreading
models in all of their subspaces. Thus, for n € N, the space X7 ; has no asymptotic-

£, or asymptotic-cy subspace. We slightly modify the definition of the space %671 to

obtain a space Xé {f that retains the aforementioned property and it is additionally
asymptotically symmetric. It is possible that the space %(1)’1 is also asymptotically
symmetric, however, this is not entirely clear and the small modification is necessary
in our proof of the fact that Xé’/lz has the desired property.

It is also worth mentioning that the space Xé{f is related to a class of spaces
studied in [BEM]. These spaces are also based on the method from [ABM]), however
the modification is more substantial. In [BEM] for every closed subset F of [1, c0],
consisting of the terms of a (finite or infinite) strictly increasing sequence in [1, 0o]
and its supremum, a Banach space X is defined. This space Xy has F as its
stable Krivine set. The space X, 1_/12 is very similar to the Xy; ) and thus it has
{1,00} as a stable Krivine set.

The space X&/lz is defined with a norming set via the method of saturation under
constraints with very fast growing averages. This is a Tsirelson-type method that

was first used by Odell and Schlumprecht in [OSI] and [OS2]. It was later refined
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ASYMPTOTICALLY SYMMETRIC 1699

in [ABM], [AMI], and others. In these papers a central tool in this method was
introduced, namely the a-index. This index is assigned to a block sequence in the
ambient Banach space and it can obtain either one of two values: zero or not zero.
This tool is useful in deciding what spreading model is generated by a given block
sequence. We refine this tool by defining the quantified a-index of a block sequence
in Xé/f. This refinement allows us to provide better estimates that eventually

yield that the space Xé{f is asymptotically symmetric. In addition to the above,
the quantified a-index allows us to characterize the asymptotic models of the space

@

Xé/f. Recall that an infinite array of sequences (xj )j» ¢ € N, in a Banach space

X generates a sequence (e;); in a seminormed space as an asymptotic model if for

every n € N and scalars aq,...,a,
n n
. . (2
lim --- lim g aix(.) = E a;e; .
J1—00 Jn—r00 Ji
i=1 i=1

This definition was introduced in [HO]. The definition of asymptotically symmetric
spaces can be restated in terms of asymptotic models. A space X is asymptotically
symmetric if there exists C so that for any infinite array of normalized sequences

(z\"), in X and every permutation o of N so that both (xg.l))j and (xga(i))

J );j generate
asymptotic models (e;); and (d;);, respectively, we have that (d;); is C-equivalent
to (es(;))i- A similar characterization can be given by using the notion of joint
spreading models form [AGLM] instead of asymptotic models. Regarding the as-
ymptotic model structure of Xé /12, every asymptotic model generated by an array

of weakly null sequences in Xé / “isa sequence of a certain type in the space co® ;.

At the time that this paper was being prepared another Banach space Xiy
from [AM3| was observed to be asymptotically symmetric without asymptotic-¢,
or asymptotic-cy subspaces. The space Xj,, negatively answers a question of Odell
from [O1], [O2], and [JKQOJ. All spreading models generated by normalized weakly
null sequences in Xj, are uniformly equivalent to ¢; but Xj,, has no asymptotic-
{1 subspace. Thus, Xjy is a counterexample of a completely different kind. Our
example additionally demonstrates that asymptotically symmetric spaces can have
heterogeneous spreading model structure in all subspaces.

In Section Bl we introduce the necessary definitions and then we define the
space Xé,/lz. In Section [B] we prove the properties of the space X&/lz, namely that
it is asymptotically symmetric and that it does not contain a subspace that is
asymptotic-£, or asymptotic-co. We also classify (up to a constant) all the spread-

ing models and asymptotic models admitted by the subspaces of Xé)/f. Although
some results have been proved elsewhere we include all necessary arguments for the
sake of self-containment.

2. DEFINITION OF THE SPACE Xé/lz

We define a small variation of the definition of the space Xy 1 from [ABM]|. The
difference is that we use a coefficient 1/2 when defining functionals that result from
adding very fast growing sequences of averages in the norming set. This gives us
better control for estimating a crucial upper estimate (see Proposition B.4]) that
will eventually yield the desired result.
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2.1. Preliminaries. For two subsets A and B of N we say A < B if max(4) <
min(B). We use the convention max(f)) = 0 and min(()) = co. For a Banach space
X with a Schauder basis (z;); we define the support of a vector z = ). a;z; to
be the set supp(z) = {i : a; # 0} and we define the range of z to be the smallest
interval of N containing supp(x). For a vector x = ), a;x; with finite support and
aset £ C N we define Fx = ZieE a;x;. For two vectors x and y in X we write
x < y to mean supp(z) < supp(y). A finite or infinite sequence (y;); in X is called
a block sequence if for all 7 > 1 we have y;_1 < y;. The space of all scalar sequences
with finitely many non-zero entries is denoted by coo(N) and its unit vector basis
is denoted by (e;);. Given two elements f and x of coo(N) we write f(x) to mean
the usual inner product on this vector space.

To define the Banach space Xé’/ ? we will first construct an appropriate subset
Wo.1 of coo(N), called a norming set. We then consider a norm || - || on cgo(N)
given by |z|| = sup{f(z) : f € Wp1}. The space Xé{f will be the completion of
(coo(N), | - [|). The following notions are required to define the set Wy ;.

Notation. Let G C coo(N).

(1) A vector o € coo(N) will be called an a-average of G if there are d,n € N,
with d <mn, and f; <--- < fgin G so that ag = (1/n)(f1 + -+ fa). We
define the size of this a-average to be s(ag) = n.

(ii) A finite sequence (a;)¥_, of a-averages of G is called admissible if a; <
-+ < ap and k < minsupp(aq).

(iii) A finite (or infinite) sequence (oy); of a-averages of G is called very fast
growing if a; < ag < -+, s(a1) < s(a) < ---, and s(a;) > maxsupp(a;_1)
for i > 1.

(iv) A vector f in coo(N) will be called a Schreier functional of G if there is
an admissible and very fast growing sequence of a-averages of G' (a;)¥_; so
that f = (1/2)(a1 + -+ + ag).

(v) For every Schreier functional f € G with f = (1/2)(a1 +- - -+ ax) we define
the size of f to be s(f) = s(ay) and the length of f to be £(f) = k. A finite
(or infinite) sequence (f;); of Schreier functionals of G is called very fast
growing if f1 < fo <---, s(f1) <s(f2) <---, and s(f;) > maxsupp(fi—1)
for ¢ > 1.

Although the notions of size and length are not necessarily uniquely defined this
causes no problems. The notation introduced in item (v) is not necessary to define

the space X&/f; we require it, however, in the proof of the main result.

2.2. The space Xé ,/12. We now define the space Xé / * and give an explicit descrip-
tion of the functionals in the norming set Wy ;.

Definition 2.1. We define Wy ; to be the smallest symmetric subset W of ¢go(N)
that contains the unit vector basis of ¢go(N), every a-average of W, and every
Schreier functional of W. We define a norm on c¢yo(N) given by ||z|| = sup{f(z) :

f €Wy} and we set Xéff to be the completion of (coo(N), || - |)-
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ASYMPTOTICALLY SYMMETRIC 1701

Remark 2.2. The set Wy 1 can be explicitly described by taking the increasing union
of a sequence of sets (Wg" )oe_, where W§ | = {+e; : i € N} and

Wa’ffl =Wg4 U {ao : ap is an a-average of W(Tl}

U { f+ fis a Schreier functional of Worfll}.

This description of the norming set is fundamental in proving estimates of func-
tionals on vectors.

Remark 2.3. One can verify by induction on N that if f = ). a;e; € Wy 1, then
for any £ C N and choice of signs (g;); the vectors Ef and ), €;a,e; are both in

Wo,1. Hence, for any vector x = )", bje; in Xéff and choice of signs (g;); we have
bie;|| = g;bse;]|, i.e., the basis (e;); of Xl/2 is 1-unconditional.
% 7 0,1

Remark 2.4. Let (f;)%_, be a very fast growing sequence of Schreier functionals so
that £(f1) + -+ + £(fx) < minsupp(fi). Then f = f; +--- + fj is in Wy ;. This
almost trivial observation is important in this paper. It allows us to quantify the
a-index and use it to make the necessary estimates (Proposition B.4)).
3. PROPERTIES OF THE SPACE X&/lz

In this section we define the quantified a-index and use it as a tool to give a
more precise description of the spreading models and the asymptotic models of the
space Xé )/12 than was possible with the classical a-index.
3.1. The quantified a-index. In the majority of constructions that have been
performed with the method of saturation under constraints the a-index has been one
of the most important tools for describing the spreading models of the corresponding
space. The a-index «a(z;); of a block sequence (z;); can take two possible values:
zero and not zero. In this paper we assign to a block sequence (z;); a quantified
a-index &(x;); which is a non-negative real number. Importantly, «(z;); is zero if
and only if &(x;); is zero. The actual value of &(z;); gives information regarding
the spreading models and the asymptotic models of the space Xéy/f. Let us first
recall the definition of the a-index.

Definition 3.1 (Definition 3.1 [ABM]). Let (x;); be a bounded block sequence

in X&/f. We define the a-index of (z;); as follows: if for every sequence of very

fast growing average (a;); in Wy and every subsequence (z;,); of (x;); we have
lim |evj(;; )| = 0, then we say a(z;); = 0. Otherwise we say that a(z;); > 0.

The a-index is an extension of the above definition.

Definition 3.2. Let (x;); be a bounded block sequence in Xéff. We define the
quantified a-index of (z;); to be the infimum of all § > 0 that have the following

property: for all N € N there exist sg,ip € N so that for all Schreier functionals
f €Wy with s(f) > so and ¢(f) < N and for all ¢ > g we have |f(z;)| < 0.

Clearly, 0 < &(x;); < limsup, ||;||. The proof of the following is fairly straight-
forward and it uses the fact that Wy ; is closed under taking restrictions to intervals
of N. We include a description of the argument for completeness.
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1702 D. KUTZAROVA AND P. MOTAKIS

Proposition 3.3. Let (x;); be a bounded block sequence in XO/1 . Then a(z;); =0
if and only if a(x;) = 0.

Proof. Assume that &(z;); = 0. For § > 0 apply Definition B2l for N = 1. Tt easily
follows that for any very fast growing sequence of a-averages (a;); in Wy and
every subsequence (;;); of (z;); we have limsup |a;(2;;)| < 26. Assume now that
a(x;); > 0, i.e., there exist § > 0 and Ny € N so that for every sg, iy € N there are
i > 4o and a Schreier functional f € Wy 1 with s(f) > so and I(f) < Ny so that
|f(z;)| > 6. If we write f in the form f = (1/2)(a1 + -+ + ag), with k < Ny and
s(aq) > s for 1 < g < k, then there must be an index ¢ so that |y, (z;)| > 20/Np.
By restricting the range of oy, we may assume that ran(a,) C ran(z;). We have
thus shown that for every sg,ig € N there are i > iy and an «a-average «q in
Wo1 with s(ag) > s and ran(ag) C ran(z;) so that |ag(x;)| > 20/Ny. It is now
straightforward to find a very fast growing sequence of a-averages (¢y;); in Wo 1
and a subsequence (z;,); of (z;); with liminf oy ()| > 260/No. O

3.2. Arrays of sequences in X&/f. The following proposition provides the main
estimate of this paper. It is used to derive estimates for asymptotic models in the
space, spreading models in the space, and in the end to prove that the space is
asymptotically symmetric.

Proposition 3.4. Let xg € X&/lz and (xg-l))i, S (:v;-n))i be bounded block sequences
n Xé/f For every € > 0 there exist j1 < jo < --- < jn So that if we set a:;g) =9

and A= ", 27|, then

sz

n
~ (1) l)
max{orgﬂxnm a(ajji)}—5<A<2 max. ||a; ||—|—22 ) +e.
i=1 i=1

Proof. As we are allowed a small error € > 0 in our estimate we may assume that zq
is finitely supported. For 1 < i < n define §; = a( )—E/?’L Using the definition of
the quantified a-index we can find infinite sets L; = {]q :q€eN},... L, = {]q

g € N}, natural numbers Ny, ..., N,, and very fast growing sequences of Schreier
functionals ( él))q, N (")) so that for 1 <i<mandgq €N We have ﬁ(féz)) <N;
and fy' () ( ) > 6;. We may also naturally assume that supp( fq ) C supp(xx)) and,

by perhaps passing to subsequences, we may assume that for all ¢; < --- < ¢, in N
we have that

supp(o) < supp(z}; )) - < supp(z")) and
Ny + -+ N, < minsupp(x ())

It follows by Remark 2.4 that if we pick any ¢1 < --- < ¢, then we have that
f= féll) +---+ f(:f) is in Wy 1 and

n

f(wﬁixﬁii) > Y a@) <.
=1

i=1
It easily follows that for any such ¢; < -+ < g, we have

max{oglﬂxnnw Z (a" )} —e<A

=1

Licensed to York Univ. Prepared on Thu Nov 5 21:41:04 EST 2020 for download from IP 130.63.180.147.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ASYMPTOTICALLY SYMMETRIC 1703

We now set out to find g1 < --- < g, so that the desired upper inequality will
be satisfied as well. To simplify notation we shall assume that L, =--- = L, = N.
We will choose g1 < -+ < @, so that for 1 < ¢ < n and 0 < ¢ < ¢ so that if
N; = max supp(wéﬁl,)), then for every Schreier functional f € Wy 1 with s(f) >

min supp(:tél Ll)) and £(f) < N; we have

i ~(.(1) €
(M) F@)] < @@ + o
We will use the definition of the quantified a-index. Set Ny = max supp(xé?))) and
for 1 < i < n pick s?,¢? € N so that for every Schreier functional f € Wy, with
s(f) > s¥ and £(f) < Ny for all ¢ > ¢ we have that |f(a:q )| < alz; ® )j +¢/(2n).

Pick ¢; with ¢1 > maxi<i<, ¢} and minsupp(a:gl)) > maxi<i<n $y. Define Nj =

max supp(acé1 ) and for 2 < i < n pick s}, ¢} € Nso that for every Schreier functlonal

f € W1 with s(f) > st and £(f) < N for all ¢ > ¢ we have that |f(xq )| <
a(x ()) + 5/(2n) Pick ga > ¢q1 with g2 > maxa<;<, ¢} and mlnsupp(xfh)) >
maxXa<i<n S;. Proceed like so.

+230, a(z; (& )) + . We will prove by induction
on m € N that for all f € Wy (see Remarkm) we have |f(30, 5;1))| < C.
This is trivial for the case m = 0. Assume now that this conclusion holds for every
J € Wi and let f € W(Tlﬂ. If fis an a-average of W'y, then this follows by
convexity Otherwise f is a Schreier functional of W} and it may be written as

Define C = 2maxg<i<n H95q1

= (1/2) Er L o where (a,)9_, is a very fast growing and admissible sequence
of a-averages of W, We define

1o = min{0 < ¢ < n : maxsupp(f) > min supp(x((]?)}

and
ro = max{l <r<d: S(ar) < mlnSupp( (10+1))}.

0+1
It follows that if we set g = (1/2) >

with s(g) > min supp(xétgill)) and £(g) < N;,. That is, for ¢ > ip and the functional
g, (@) is satisfied.
We observe that max supp(ay,—1) < min supp(xél‘;i_l)) which yields:

7(32a0)| < 1rtat) I+ )
=0
< 2l + baro(zx“ )| +[s(X )
i>i >

r>ro Qs then g is a Schreier functional in Wy q

0 ’L()
(i) (l +E_ 1 1o
Oréla<x llzg) || + C’—G-Z 7))+ 5 20+20 C.
The proof is complete. O

We can now understand, up to an equivalence constant 4, all asymptotic models
of arrays of weakly null sequences in the space Xé’/f. In fact, they are all certain

sequences in ¢y @ 4.

Licensed to York Univ. Prepared on Thu Nov 5 21:41:04 EST 2020 for download from IP 130.63.180.147.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1704 D. KUTZAROVA AND P. MOTAKIS

Corollary 3.5. Let (xgz))J be an infinite array of normalized weakly null sequences
in X that generate an asymptotic model (z;);. Then there exists a sequence of non-
negative scalars (w;); so that for any n € N and sequence of scalars (A\;)P_, we
have

< ; il
<2 Wil + 23 il

x{ max |\l Zwl\)\ |} < i)\izi
i=1

In particular, (2;); is 4-equivalent to the sequence (e;, w;e;); in (co B €1)oo

Proof. Set xyp =0 and for i = 1,...,n define (x ; )=\ x ) and apply Proposi-

tion 34 to obtain that w; = d(xg.l)), i € N are the desired scalars. O

1/2

3.3. Sequences in X, ;". The fact that every spreading model generated by a

weakly null sequence in Xé)/f is equivalent to either the unit vector basis of ¢q

or of /1 and that every subspace of Xé/f admits both of these spreading models

is proved in a nearly identical manner as it was proved in [ABM]. The idea is
the following: a sequence (x;); generating a ¢y spreading model can be blocked
by setting yn, = ;. @i appropriately so that (y,), generates an {; spreading
model. Similarly, a sequence (z;); generating an ¢; spreading model can be blocked
by setting yn, = (1/#F,) ) ;cp, ©i appropriately so that (y,), generates an
spreading model. For the sake of self-containment we include the proof.

The following states that every spreading model of a weakly null sequence in
Xé {f is either equivalent to the unit vector basis of ¢y or to the unit vector basis of
¢y. This was proved in a slightly different manner in [ABM]. Here the result follows
almost immediately from Proposition B4l

Corollary 3.6. Let (z;); be a normalized block sequence in X, / and assume that
it generates some spreading model (e;);. Let a = &(z;). Then for any n € N and
scalars (A;)7_, we have

x{lrga<x [l QZP\ } < Zl)\iei

In particular, if &(x;) = 0, then (e;); is equivalent to the unit vector basis of co and
otherwise it is equivalent to the unit vector basis of £7.

< ; |
< 21??%” |A:| + 2042 [Ail

Proof. Set g =0 and fori =1,...,n define (xg-'))j = (Az;); and apply Proposition
B4 O

We next intend to prove that both ¢y and ¢; appear as spreading models in
every subspace. The following lemma is well known but we include a proof for
completeness.

Lemma 3.7. Let x1 < --- < x,, be normalized finitely supported vectors in Xl/2

Then for any a-average ag in Xo,/1 we have that

1 — 1 2
it < —
’ao(n ZI%)’ ~ s(ap) * n
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ASYMPTOTICALLY SYMMETRIC 1705

Proof. Let ag = (1/d)(f1 + -+ + fx) where f1 < --- < f are in Wy, and k < d.
Define A = {7 : ran(z;) Nran(f;) # 0 for at most one j}. Then for i € A we have
lao(z;)| < 1/d. For ¢ ¢ A define the set F; = {j : ran(z;) Nran(f;) # 0}. It follows
that max(F;) < min(Fy) for all i < ¢’ ¢ A and therefore ;. , #F; < 2k. We
conclude:

o

1 1#F, 1 2

V| < = NSk 2 2

. wl)’_nzmo(%”—’_nz d _d+n
i=1 i€EA €A

S|

n

O

Proposition 3.8. Let X be a block subspace of X&/f. Then there exists a nor-
malized block sequence in X that generates a spreading model equivalent to the unit
vector basis of 01 and there exists another normalized block sequence in X that
generates a spreading model equivalent to the unit vector basis of cg.

Proof. Start with an arbitrary normalized block sequence (x;); in X that generates
some spreading model (e;);. Pick for each ¢ € N an f; € Wy with fi(z;) =1
and ran(f;) C ran(z;). Choose successive subsets of the natural numbers (F,),
with #F, — oo and #F, < min(F,). If (e;); is equivalent to the unit vector
basis of cq set y,, = ZieFﬂ x; and ap, = (1/#F,) ZieFﬂ fi. Tt follows that there
is C' > 0 so that sup||y,|| < C and for all n € N |a,(y,)| > 1. Thus (y,), is
bounded and it has positive a-index, i.e., it has a subsequence generating an ¢y
spreading model. If on the other hand (e;); is equivalent to the unit vector basis
of 1 set yp, = (1/#Fy) Y icp, Ti- Then there exists ¢ > 0 so that inf [jy,|| > ¢
and by Lemma B.7 we have the a-index of (y, ), is zero, i.e., it has a subsequence
generating a ¢y spreading model. O

Since X&/f has an unconditional basis, and by Proposition B.8lit has no subspace
isomorphic to ¢g or to ¢1, we conclude the following by James’ theorem [J].

Corollary 3.9. The space Xé{f 1s reflexive.

Remark 3.10. We observed that every asymptotic model generated by an array of
weakly null sequences in X&/f is 4-equivalent to a sequence of the form (e;, w;e;);
in (co®41)0o- A converse of this is also true: in every infinite dimensional subspace

X of Xé’/ * and every sequence (w;); in [0,1] there exists an array of normalized
weakly null sequences in X that generate an asymptotic model 10-equivalent to
the sequence (e;, w;e;); in (co ® f1)oo. The way to achieve this is to take, by
Proposition B8, a normalized weakly null sequence (z;),; in X that generates a cg
spreading model and a normalized weakly null sequence (y, ), that generates an ¢;
spreading model. By the non-distortion of ¢; we may assume that the spreading
model generated by (yy)n is 5/4-equivalent to the unit vector basis of ¢1. Assuming
that for all j € N we have z; < y; < ;41 define for each ¢, j € N the vector zj(.l) =
lz;+w;y;j|| = (z;+w;y;). Then the sequences (zj(.z))j satisfy 4w; /10 < d(zj(-l))j < w;.
Indeed, by Corollary we have that &(x;) = 0 and that 4/5 < a(y;) < 1. Also,
if we fix ¢ € N, then we have 1 < ||z; + w;y;|| <1+ w; < 2. We then observe that
! = a(y;)

- ~ 0 (0) O +
) <alz’); < i —alz;) +
aly;) = alz;7); llz; + wiyjHa(xj) [l + wiy;l
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and combine this with the above estimates to obtain
4’[1}2‘
10

and hence by Corollary 3.5 any asymptotic model generated by a subarray of (zj(-i) )i
i € N must be 10-equivalent to (e;, w;e;); in (co ® £1)oo-

<a(\") < w;,

3.4. Conclusion. We now put all the pieces together to show that the space is
asymptotically symmetric, despite not having a unique spreading model in any
subspace.

Theorem 3.11. The space Xé,/z is asymptotically symmetric.

Proof. Let (atg-i))j, 1 <i < n be an array of bounded sequences in Xé/f, let o be a
permutation of {1,...,n}, and assume that the limits

A= lim --- lim ‘ny)
i=1

Jj1—00 Jn—r00

’ and B= lim --- lim ‘Zx(a(i))H
i=1

Jj1—o0 Jn—00 Ji

both exist. By reflexivity and passing to subsequences we may assume that the
limits w-lim; a:S-Z) =x;,1<i<n exist.. Define Yo = Sz and A = [yol. We
may also assume that the sequences (y]m) = (:zrg.z) — z;); are block sequences and
that the numbers A\; = lim; Hyj(z) || exist for 1 <4 < n. Note that

A= lim - lim |jyo+ Y #”| and B= lim --- lim [yo+ > »"@
J1—00  jn—r00 yo izzlyj’ j1—o0 Jn—>00 Yo ;yﬂv

Proposition [3.4] yields that

.n~@}<< ; )
max{oréliagxn)\“ 2 aly;”) _A_20r£?§}(n)\1+2,_1 aly;”)

and the exact same estimate for B instead of A. This means A < 4B. O

It was proved in [OSI] that there exist Banach spaces that do not admit an ¢,
or ¢g spreading model. Although asymptotically symmetric Banach spaces do not
necessarily have a unique spreading model, a possible implication of this property
could perhaps be the existence of an £, or ¢y spreading model. The following can
be viewed as a necessary modification of Problem [Al

Problem 1. Does every asymptotically symmetric Banach spaces admit an ¢, or
co spreading model?

REFERENCES

[ABM] Spiros A. Argyros, Kevin Beanland, and Pavlos Motakis, Strictly singular operators in
Tsirelson like spaces, Illinois J. Math. 57 (2013), no. 4, 1173-1217. MR3285871

[AGLM] S. A. Argyros, A. Georgiou, A.-R. Lagos, and P. Motakis, Joint spreading models and
uniform approzimation of bounded operators arXiv:1712.07638 (2017).

[AM1] Spiros A. Argyros and Pavlos Motakis, A reflexive hereditarily indecomposable space
with the hereditary invariant subspace property, Proc. Lond. Math. Soc. (3) 108 (2014),
no. 6, 1381-1416, DOI 10.1112/plms/pdt062. MR3218313

[AM3] S. A. Argyros and P. Motakis, On the complete separation of asymptotic structures in
Banach spaces, arXiv:1902.10092, 2019.

Licensed to York Univ. Prepared on Thu Nov 5 21:41:04 EST 2020 for download from IP 130.63.180.147.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/mathscinet-getitem?mr=3285871
https://www.ams.org/mathscinet-getitem?mr=3218313

ASYMPTOTICALLY SYMMETRIC 1707

[BFM] Kevin Beanland, Daniel Freeman, and Pavlos Motakis, The stabilized set of p’s
in Krivine’s theorem can be disconnected, Adv. Math. 281 (2015), 553-577, DOI
10.1016/j.2im.2015.05.005. MR3366846

[BS] Antoine Brunel and Louis Sucheston, On B-convex Banach spaces, Math. Systems The-
ory 7 (1974), no. 4, 294-299, DOI 10.1007/BF01795947. MR0438085

[FOSZ] D. Freeman, E. Odell, B. Sari, and B. Zheng, On spreading sequences and as-
ymptotic structures, Trans. Amer. Math. Soc. 370 (2018), no. 10, 6933-6953, DOI
10.1090/tran/7189. MR3841837

[HO] Lorenz Halbeisen and Edward Odell, On asymptotic models in Banach spaces, Israel J.
Math. 139 (2004), 253-291, DOI 10.1007/BF02787552. MR2041794
J] Robert C. James, Bases and reflexivity of Banach spaces, Ann. of Math. (2) 52 (1950),

518-527, DOI 10.2307/1969430. MR39915

[JKO] M. Junge, D. Kutzarova, and E. Odell, On asymptotically symmetric Banach spaces,
Studia Math. 173 (2006), no. 3, 203—231, DOI 10.4064/sm173-3-1. MR2239459

[KM] J.-L. Krivine and B. Maurey, Espaces de Banach stables (French, with English sum-
mary), Israel J. Math. 39 (1981), no. 4, 273-295, DOI 10.1007/BF02761674. MR636897

[MMT] B. Maurey, V. D. Milman, and N. Tomczak-Jaegermann, Asymptotic infinite-
dimensional theory of Banach spaces, Geometric aspects of functional analysis (Israel,
1992), Oper. Theory Adv. Appl., vol. 77, Birkhduser, Basel, 1995, pp. 149-175.
MR1353458

[MT] Vitali D. Milman and Nicole Tomczak-Jaegermann, Asymptotic l,, spaces and bounded
distortions, Banach spaces (Mérida, 1992), Contemp. Math., vol. 144, Amer. Math. Soc.,
Providence, RI, 1993, pp. 173-195, DOI 10.1090/conm/144/1209460. MR1209460

[01] E. Odell, Stability in Banach spaces, Extracta Math. 17 (2002), no. 3, 385-425. IV
Course on Banach Spaces and Operators (Spanish) (Laredo, 2001). MR1995414
[02] E. Odell, On the structure of separable infinite dimensional Banach spaces, Chern In-

stitute of Mathematics, Nankai University, Tianjin, China, July 2007.

[0S1] E. Odell and Th. Schlumprecht, On the richness of the set of p’s in Krivine’s theorem,
Geometric aspects of functional analysis (Israel, 1992), Oper. Theory Adv. Appl., vol. 77,
Birkhauser, Basel, 1995, pp. 177-198. MR1353459

[0S2] E. Odell and Th. Schlumprecht, A Banach space block finitely universal for monotone
bases, Trans. Amer. Math. Soc. 352 (2000), no. 4, 1859-1888, DOI 10.1090/S0002-9947-
99-02425-3. MR1637094

1] B. S. Tsirelson, Not every Banach space contains £p or cg, Functional Anal. Appl. 8
(1974), 138-141.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN, URBANA,
ILLiNOIS 61801; AND INSTITUTE OF MATHEMATICS AND INFORMATICS, BULGARIAN ACADEMY OF
SCIENCES, SOFIA, BULGARIA

Email address: denka@illinois.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN, URBANA,
ILLINOIS 61801
Email address: pmotakis@illinois.edu

Licensed to York Univ. Prepared on Thu Nov 5 21:41:04 EST 2020 for download from IP 130.63.180.147.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/mathscinet-getitem?mr=3366846
https://www.ams.org/mathscinet-getitem?mr=0438085
https://www.ams.org/mathscinet-getitem?mr=3841837
https://www.ams.org/mathscinet-getitem?mr=2041794
https://www.ams.org/mathscinet-getitem?mr=39915
https://www.ams.org/mathscinet-getitem?mr=2239459
https://www.ams.org/mathscinet-getitem?mr=636897
https://www.ams.org/mathscinet-getitem?mr=1353458
https://www.ams.org/mathscinet-getitem?mr=1209460
https://www.ams.org/mathscinet-getitem?mr=1995414
https://www.ams.org/mathscinet-getitem?mr=1353459
https://www.ams.org/mathscinet-getitem?mr=1637094

	1. Introduction
	2. Definition of the space \X
	2.1. Preliminaries
	2.2. The space \X

	3. Properties of the space \X
	3.1. The quantified \al-index
	3.2. Arrays of sequences in \X
	3.3. Sequences in \X
	3.4. Conclusion

	References

