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Joint spreading models and uniform approximation
of bounded operators

by

S. A. ARGYROS (Athens), A. GEORGIOU (Athens),
A.-R. LAGOs (Athens) and PAavLos MoTAKis (Urbana, IL)

Abstract. We investigate the following property for Banach spaces. A Banach space X
satisfies the Uniform Approzimation on Large Subspaces (UALS) if there exists C' > 0
with the following property: for any A € £(X) and convex compact subset W of £(X)
for which there exists € > 0 such that for every x € X there exists B € W with
|A(z) — B(z)|| < ¢]|z]|, there exists a subspace Y of X of finite codimension and a B € W
with [[(A—B)|v | z¢v,x) < Ce. We prove that a class of separable Banach spaces including £,
for 1 < p < oo, and C(K) for K countable and compact, satisfy the UALS. On the other
hand, every L,[0,1], for 1 < p < co and p # 2, fails the property and the same holds for
C(K) where K is an uncountable metrizable compact space. Our sufficient conditions for
UALS are based on joint spreading models, a multidimensional extension of the classical
concept of spreading model, introduced and studied in the present paper.

Introduction. This paper is devoted to the study of the Uniform Ap-
proximation on Large Subspaces (UALS) for an infinite-dimensional Banach
space X. This concept concerns a special case of the following general ques-
tion. Find conditions such that the e-pointwise approximation of a function f
by the elements of a family W of functions implies that there exists a g € W
which uniformly &’-approximates f. One of the best results in this framework
is the well known consequence of Hahn-Banach theorem. If X is a Banach
space, it may be viewed as a subspace of X** through the natural embedding.
If xg € X, a closed convex subset W of X and € > 0 are such that for every
x* € X* there exists v € W with |2*(z¢) — 2*(z)| < ¢||z*||, then for every
g’ > ¢ there exists yg € W such that ||zg — yo|| < &’. It is natural to ask how
the above can be extended to the space of bounded linear operators £(X).
The UALS property is an attempt to provide an answer.
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Notice that in the definition of UALS there are two differences from the
above result. The first one is that the set W is norm compact, and this is nec-
essary since the normalized operators of rank one e-pointwise approximate
the identity for every € > 0. The second difference is that we expect the uni-
form approximation to happen on a finite-codimensional subspace. This is
also necessary, since as Bill Johnson pointed out, for every X with dim X > 2
there exist C' > 0, A € £(X) and a convex compact W C L£(X) such that,
for every x in the unit ball of X, there is a B in W with ||A(z) — B(z)|| = 0,
whereas the norm distance of A from W is greater than C. There are two
classes of Banach spaces satisfying the UALS. The first class is the spaces
with the scalar-plus-compact property [AH]|, JAF™], and the second is the
spaces with strong asymptotic homogeneity. The latter property concerns the
uniform uniqueness of [-joint spreading models, an extension of the classical
spreading models [BS].

The paper is organized in five sections. In Section 1 we introduce the no-
tion of plegma spreading sequences. These are finite collections of Schauder
basic sequences in a Banach space that interact with one another in a spread-
ing way when indexed by plegma families, a notion which first appeared
in [AKT].

Section 2 is motivated by the definition of plegma spreading sequences
and concerns the problem of whether or not finite collections of Schauder (un-
conditional) basic sequences contain subsequences that form, under a suit-
able order, a common Schauder (unconditional) basic sequence. For Schauder
basic sequences we provide a complete characterization given in the following.

THEOREM 1. Let (z}),, ..., (2}), be seminormalized sequences in a Ba-
nach space X such that each one is either weakly null, equivalent to the basis
of t1, or non-trivial weak-Cauchy. Let I C {1,...,1} be such that (x%), is
a non-trivial weak-Cauchy sequence with w*-limz! = x;* for every v € I
and set F' = span{x* }icr. Then there exist infinite subsets M, ..., M; of N
such that Ué:1{xfz}neMi is a Schauder basic sequence, under a suitable enu-
meration, if and only if X N F = {0}.

For unconditional sequences the following holds.

THEOREM IL. Let (e},)l_ ,cn

each (€,)n is unconditional. Then (e},);_; ,en 18 also an unconditional se-
quence.

be a plegma spreading sequence such that

We also provide a variant of the classical B. Maurey — H. P. Rosenthal
example [MR] of two unconditional sequences (e}),, (¢2), in a space X such
that, for any infinite subsets M, L of N, the sequence (el)nenr U (€2)ner
is not unconditional. This shows that the assumption of a plegma spread-

ing sequence in the above theorem is necessary. Further, it is well known
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that the space generated by two unconditional sequences is not necessarily
unconditionally saturated.

In Section 3 we define joint spreading models, which as already mentioned
are a multidimensional extension of the classical Brunel-Sucheston spreading
models. We also present some of their basic properties.

Section 4 concerns spaces that admit uniformly unique joint spreading
models with respect to certain families of Schauder basic sequences. Exam-
ples of such spaces are £,(I") for 1 < p < o0, ¢o(I") and, as we show, all
Asymptotic £, spaces in the sense of [MMT]. We also prove that the James
Tree space admits a uniformly unique [/-joint spreading model with respect
to the family of all normalized weakly null Schauder basic sequences in J7T'
Each [-joint spreading model generated by a sequence from this family is
ﬂ—equivalent to the unit vector basis of /5, and V2 is the best constant
[EG], [Be]. Our proof is a variant of the well known result due to I. Amemiya
and T. Ito [AI| that every normalized weakly null sequence in JT' has a
subsequence equivalent to the basis of /.

Section 5 is devoted to the study of spaces satisfying the UALS and
to classical spaces where this property fails. In the first part we study the
property for spaces with very few operators, namely those with the scalar-
plus-compact property [AH|, JAF™]. We prove the following.

THEOREM III. Fvery Banach space with the scalar-plus-compact property
satisfies the UALS.

The basic result for UALS concerns spaces which admit uniformly unique
joint spreading models with respect to families of Schauder basic sequences
that have certain stability properties. For this we first introduce the class of
difference-including families (see Definition and we prove the following.

THEOREM IV. Let X be a Banach space and assume that for every sep-
arable subspace Z of X we have a difference-including collection %5 of nor-
malized Schauder basic sequences in Z. If there exists a uniform K > 1 such
that each such Z admits a K-uniformly unique [-joint spreading model with
respect to %y, then X satisfies the UALS property.

A key ingredient of the proof is Kakutani’s Fixed Point Theorem for
multivalued mappings [BK], [Ka]. This argument has appeared in a related
work of W. T. Gowers and B. Maurey (see [GM|, Lemma 9|), and was the
motivation for defining the UALS property. As a consequence of the above
theorem, the following spaces and all of their subspaces satisfy the UALS:
the space £,(I") for 1 < p < o0, ¢o(I"), the James Tree space and all Asymp-
totic £, spaces for 1 < p < oco. The UALS property behaves quite well in
duality. In particular the following hold.
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THEOREM V. Let X be a reflexive Banach space with an FDD. Then X
satisfies the UALS if and only if X* does.

THEOREM VI. Let X be a Banach space with an FDD. Assume that there
exist a uniform constant C' > 0 and, for every separable subspace Z of X*,
a difference-including family %z of normalized sequences in X* such that Z

admits a C-uniformly unique l-joint spreading model with respect to Fy.
Then X satisfies the UALS property.

As a consequence of the above, %, spaces with separable dual and their
quotients with an FDD satisfy the UALS. Thus the spaces C(K) for K
countable compact have this property. We also provide an example of a re-
flexive Banach space that admits a uniformly unique spreading model and
fails the UALS property. This example shows that if a space admits a uni-
formly unique spreading model, this does not necessarily imply that it ad-
mits a uniformly unique [-joint spreading model for every [ € N, and that
the assumption in Theorems [[V]and [V of a uniformly unique I-joint spread-
ing model cannot be weakened by assuming a uniformly unique spreading
model. Finally, we prove that the spaces Ly[0,1] for 1 < p < co and p # 2,
and C(K) for any uncountable and metrizable compact space K, fail the

UALS.

1. Plegma spreading sequences. We recall the notion of plegma fami-
lies which first appeared in [AKT] and was used to define higher order spread-
ing models. Interestingly, they were used in a rather different way there and
we slightly modify their definition. We shall refer to the notion from [AKT]
as strict plegma families. We use them to introduce the notion of plegma
spreading sequences. These are finite collections of sequences that interact
with one another in a spreading way when indexed by plegma families. We
start with some notation we will use throughout the paper.

NoOTATION. We denote by N = {1,2,...} the set of all positive integers.
We will use capital letters L, M, N, ... (resp. lower case letters s,t,u,...) to
denote infinite subsets (resp. finite subsets) of N. For every infinite subset L
of N, the notation [L]* (resp. [L]<*°) stands for the set of all infinite (resp.
finite) subsets of L. For every s € [N]<*°, we denote by |s| the cardinality
of s. For L € [N]* and k € N, [L]* (vesp. [L]=F) is the set of all s € [L]<>®
with |s| = k (resp. |s| < k). For every s,t € [N]<*°, we write s < ¢ if either at
least one of them is the empty set, or max s < mint. Also, for () # s € [N]*®
and n € N we write n < s if n < mins.

We shall identify strictly increasing sequences in N with their correspond-
ing range, i.e. we view every strictly increasing sequence in N as a subset of N
and conversely every subset of N as the sequence resulting from the increas-
ing order of its elements. Thus, for an infinite subset L = {l; < ly < ---} of N
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and i € N, we set L; = [;, and similarly, for a finite subset s = {n1,...,n;}
of N and for 1 <14 < k, we set s(i) = n;.

Given a Banach space X with a Schauder basis (ey)n, for every x € X
with x = )" ane, we write supp(x) to denote the support of z, i.e. supp(x) =
{n € N : a, # 0}. Generally, we follow [LT] for standard notation and
terminology concerning Banach space theory.

DEFINITION 1.1. Let M € [N]*® and F be either [M]* for some k € N
or [M]>®. A plegma (resp. strict plegma) family in F is a finite sequence
(s;)!_, in F satisfying the following properties:

(1) 54, (J1) < 81, (j2) for every 1 <j1 <j2 <k or j1 <jo €N and 1<iy,1i3 <I.

(ii) i, (4) < iy (4) (resp. si, () < iy (4)) for every 1 < iy < iy <l and every
1<j<korjeN.

For each [ € N; the set of all sequences (si)ézl which are plegma families in F

will be denoted by Plm;(F) and that of strict plegma ones by S-Plm,;(F).

The following is a consequence of Ramsey’s theorem [Ral.

THEOREM 1.2 ([AKT]). Let M be an infinite subset of N and k,l € N.
Then for every finite partition S-Ply ([M]*) = U, P, there exist L € [M]*>
and 1 < ig < n such that S-Plmy([L]*) C P;,.

DEFINITION 1.3. Let 7 = {1,..., 1} x{1,...,k}, s = (si)}_, be a plegma
family in [N]* and (e%)ézl’neN be a sequence in a linear space E.

(i) The plegma shift of m with respect to the plegma family s is the set
s(m) ={(4,si(y)) : (4,4) € 7}, and for a subset A of w, the plegma shift
of A with respect to s is the set s(A) = {(7,s:(j)) : (i,7) € A}

(ii) Let z € E with z = 3, »cp aije;'» and F' C 7. The plegma shift of x
with respect to s is the vector s(z) = - »cp aije, ;-

Recall that a sequence (e,), in a seminormed space F is called spreading
if >0 aie]] = Do aieg,|| for allneN, ky <--- <k, and ay,...,a, €R.
Then, under Definition we have the following reformulation: (e )y is
spreading if [|>°7 ; aies|| = ||s(Dor aies)| for all n € N, aq,...,a, € R and
every plegma family s € Plm; ([N]"). Next we introduce the notion of plegma
spreading sequences, which are an extension of the above.

DEFINITION 1.4. A sequence (ef,)!_; = in a Banach space E will be

called plegma spreading if each (e?,), is a normalized Schauder basic sequence
and, for every = € Span{e;}ézlyneN, we have ||z|| = ||s(z)]| for all plegma
shifts s(x) of x.

REMARK 1.5. Let (e%)ézlmeN be a plegma spreading sequence.

(i) For every I C {1,...,1} the sequence (€,);cr.nen is also plegma spread-
ing and in particular the sequence (e},), is spreading for every 1 < i <.
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(ii) The set {e},}!_; oy is linearly independent.
z‘i(n)
. l . 7 _
to (€3,)i=1, nen under the natural mapping T'(e;,) = €si(n)"

(iii) For every (s;)}_; € Plm;([N]>), the sequence (e )ézl,nGN is isometric

(iv) For every k € N, z € span{e%}iﬁlm:l and s, = (s7)!_; € Plmy([N]*)
such that s;"(k) < s{(1) for every m < n, the sequence (x), with

ZTp = Sp(x) is spreading.

2. Finite families of sequences in Banach spaces. In this section
we study in which cases I-tuples of Schauder (unconditional) basic sequences
in a given Banach space have subsequences indexed by plegma families that
form a common Schauder (unconditional) basic sequence with a natural or-
der. This turns out to be related to the w*-limits of these sequences in the
second dual. The case where some of the sequences are equivalent to the unit
vector basis of /1 is of interest and we use ultrafilters to deduce the desired
conclusion.

2.1. Finite families of Schauder basic sequences. We first treat
non-trivial weak-Cauchy sequences and sequences equivalent to the unit vec-
tor basis of £1, and eventually we consider weakly null sequences as well. We
include a proof of the following well known lemma for completeness.

LEMMA 2.1. Let (zy), be a normalized sequence in a Banach space X
and x7,. .., x; € X* with imx}(x,) =0 for all 1 <i < k. For every 6 > 0,
there exists no € N such that d(z,, ﬂle kerx¥) < § for every n > nyg.

Proof. Let Y = span{x},...,2;} and F be a finite §/4-net of Sy. Then
there exists ng € N such that f(z,) < 6/4 for every f € F and n > ny.
Pick any n > ng. Then, if d(z,, ", kerz¥) > &, we may find 2* € X* with
||lz*|| = 1 such that z*(x,) > 0 and ﬂle kerz; C kerz*. Hence z* € Y
and there exists f € F with ||[2* — f|| < §/4, which is a contradiction to
x*(xy) > 6 since f(x,) < /4. m

The following is a variation of Mazur’s method [LT, Theorem 1.a.5] for
finding Schauder basic sequences in infinite-dimensional Banach spaces.

PROPOSITION 2.2. Let (el)n,..., (e)n be seminormalized sequences in
a Banach space X and let E denote the closed linear span of {e%}ézl,neN
and Sg the unit sphere of E. Assume that there exist € > 0 and a collection
{Kr: F C Sg finite} of finite subsets of X* such that

(i) for every finite F C Sg and x € F there exists x* € Kp with ||z*|| =1
and z*(z) > ¢,
(ii) for every finite F C Sg and 1 < i <, there exists L € [N]* such that
lim,ep 2*(el,) = 0 for all x* € Kp, and
(iii) for every finite F' C F C Sg, we have Kgr C Kp.
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Then there exist M, ..., M; € [N]*® and a suitable enumeration under which
Uézl{efl}neMi is a Schauder basic sequence.

Proof. We may assume that the sequences (e,),, 1 < i <[, are normal-
ized. Indeed, if we normalize the given sequences then conditions (i)—(iii)
will not be affected. If we obtain the result for the normalized versions of the
given sequences, then we can revert to subsequences of the initial ones. Let
(en)n be a sequence in (0,1/2) such that > > | e, < /5. We will construct,
by induction on N, a Schauder basic sequence (xy)r with z = e’k , where
ir, = (k—1mod!)+ 1 and ng41 > ny. Hence the sets M; = {ng : ix, = i}
for 1 < ¢ <, and the lexicographic order on N x {1, ... 1}, yield the desired
result.

We set 1 = y1 = e} and Fy = {x1/||z1|, —21/||z1]|}. Assume that
Tly-y Thy Y1,---,Yg, and Fy C --+ C F have been chosen, for some k € N,
such that the following are satisfied: for 1 < m < k each z,, is of the
form ei{fn, each F), is an €, /2-net of the unit sphere of X,,, = span{z1,y1,...,
T, Ym }, and for m > 1 each yp, isin Yy, = ({E Nkeraz* : 2* € K, |}
with ||Zm — Ym|| < em. We describe the next inductive step. By property (ii)
there is L € [N]* such that for all z* € K, we have lim,er, *(e; ™) = 0.
Apply Lemma [2.1| to the sequence (e,f*'),, and the subset {z*|g : * € F}.}
of E* to find 241 = en,:fl such that

d(xgy1, ﬂ{Y Nkerz* : 2" € Kp }) < ep41/2.

Then we may choose a yiy1 € ({Y Nkera* : 2* € Kp } with ||z —
Yr+1]| < €x+1. Finally, pick an ejy1-net Fjy1 of the unit sphere of X1 =
Span{xla Yis- o T+, merl}-

Note that for each k¥ € N and z € X,, there exists 2* € K, with
|lz*|| = 1 and z*(x) > (¢ — em/2)||z|| > (9¢/10)|x||. Also, because for
m < n we have Kr, C Kp,, we also have yp+1 € Yp41 C Y, and hence
for * € Kp,, we deduce z*(yn+1) = 0. We use these facts to first observe
that (yg)r is K-Schauder basic for K = 10/(9¢). Indeed, if m < n and
a1,...,ap € R then z = ZZZI a;y; € X, and for some z* € F,, with
|lx*]| = 1 we have

(e = () = (o) B S

By the principle of small perturbations, for (x); to be Schauder basic it
suffices to show that 2K ), ||xx — wkl|/|lyk]] < 1. But this follows from
Dop ok = wkll/llyell <232, ex <2¢/5. m

REMARK 2.3. Let us observe that (M;)!_,, as constructed in the previous
proof, is a plegma family in [N]*°. In general, for every My, ..., M; € [N]*,
there exists a plegma family (s;)!_; in [N]> with s; C M.
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Moreover, with any plegma family (s;)!_; € Plm;([N]*®) we associate
a natural order on {Si(n)}ézl,neN and that is the lexicographic order on
IN] x {1,...,1}.

The following lemma is an immediate consequence of the principle of
local reflexivity [LR], but we also give the following easy proof.

LEMMA 2.4. Let X be a Banach space and F' be a linear subspace of X**
with finite dimension and X N F = {0}. Then, for every 6 >0 and z € X
with ||z|| = 1, there exists z* € X* with ||z*|| < 1+ 9 such that z*(z) > e =
d(Sx, F) and x**(z*) = 0 for every x** € F.

Proof. Let x € X with |z|]| = 1 and Y = span{F U {z}}. Then there
exists 2*** € Sy« such that z***(z) > ¢ and «***(z*) = 0 for every z** € F.
Then we consider the identity map I : Y — X™* and recall that its conjugate
I* . X* — Y™ is w*-w*-continuous. Since Bx+ is a w*-dense subset of
By« and Y is of finite dimension, it follows that I*(Bx+) is norm dense
in By~ and hence, for every § > 0, we see that By« C I*((1+4J)Bx~), which
yields the desired result. =

Recall that a sequence (x,), in a Banach space X is called non-trivial
weak-Cauchy if there exists x** € X**\ X such that w*-limz, = z**. The
next proposition provides a complete characterization for the aforementioned
problem for finite collections of such sequences.

PROPOSITION 2.5. Let (el)n,...,(el), be seminormalized non-trivial
weak-Cauchy sequences in a Banach space X and F = span{e}* 5:1: where
w*lime!, = ef*. Then there exists an (s;)'_, € Plmy([N]>®) such that

{ei_(n)}ézl nen 18 a Schauder basic sequence, enumerated according to the
natural plegma order, if and only if X N F = {0}.

Proof. Let X N F # {0}. Then there exists z = S._, ae}* € X with
x # 0. If there exists a plegma family (s;)!_; € Plm;([N]*°) such that
Uﬁzl{eil}ne M, is a Schauder basic sequence, we consider the sequence (xy,)p,
with z, = Zi‘:l aieii(n). Notice that (z,), is a Schauder basic sequence with
w-lim z, = x, which is a contradiction since x # 0.

Suppose now that X N F = {0} and let ¢ = d(Sg, F'). Then for every
x € Sg, by Lemma there exists an f; € E* with ||fz|| = 1 such that
fe(x) > ¢/2 and z**(f,) = 0 for every ** € F and hence lim z*(ef,) = 0 for
every 1 < i <. Finally, applying Proposition (with Kp = {f; :x € F})
and Remark [2:3] completes the proof. =

Next we give an example of a plegma spreading sequence, formed by two
non-trivial weak-Cauchy sequences, that is not Schauder basic.
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DEFINITION 2.6 (|J1]). On the space coo(N) we define the following norm:

folls = sup(3(X ) )

=1 kel;

where the supremum is taken over all finite collections I4,..., I, of disjoint
intervals of natural numbers. The James space, denoted by J, is the comple-
tion of ¢oo(N) with respect to || - || s.

EXAMPLE 2.7. Let (ey,), denote the standard basis of the James space
and recall that it is a non-trivial weak Cauchy sequence We consider the se-
quences (el), and (€2),, in J with e} = ea, +e1 and €2 = eg, 11 — 61, which
are also non-trivial weak-Cauchy, and denote by ej 7e’z‘* their w*-limits.

Notice that (e, )12 1,neN is a plegma spreading sequence in J. Moreover,

since e; € J N span{e1 ,e3*} and T(e}) = eéi(n) is an isometry for every
(:31:)2-:1 € Plm,([N]*>°), the same arguments as in Proposition show that
(dz)?:l,neN is not Schauder basic.

We now pass to study the case of finite families of ¢; sequences in a
Banach space. As is well known, SN denotes the Stone—Cech compactification
of N and therefore ¢ (N) is isometric to C'(SN). It is also known that the
elements of SN are the ultrafilters on N. The identification of f(N) with
C(PN) implies that the conjugate space of £ (N) is isometric to M (SN),
the set of all regular measures on SN.

For f € £o(N) and p an ultrafilter on N, the evaluation of the Dirac mea-
sure d, on the function f is given as 0,(f) = lim, f(n), where lim,, f(n) is the
unique limit of (f(n)), with respect to the ultrafilter p. Let us also observe
that if T : ¢ — X is an isomorphic embedding, then 7** : M(ON) — X**
and for any p € SN and z* € X* we have T%*§,(z*) = lim, 2*(Te,). For
further information on ultrafilters we refer to [CN].

LEMMA 2.8. Let X be a Banach space and T : {1 — X be an isomorphic
embedding. Let o € R, x7,...,2; € X* and p be a non-principal ultrafilter
on N such that T**6,(x}) = a for all 1 <1i < k. Then there exists M € [N]>
such that limy e xf (Tey) = a for every 1 <i < k.

Proof. Notice that T%*§,(x}) = lim,x](Te,) and also that, for any
n € N, the set M,, = {m € N : |[z}(Te,) —a| < 1/nforall 1 <i <[}
is in p and is not finite, since p is a non-principal ultrafilter. Let M be a
diagonalization of (My,)y, i.e. M(n) € M, for all n € N. Then (T'ey,)necns is
the desired subsequence. =

LEMMA 2.9. Let X be a separable Banach space and F be a finite-
dimensional subspace of X** with X N F = {0}. Let also (e})n,-..,(€\)n
be sequences in X such that each one is equivalent to the basis of €1 and
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denote by T; the corresponding embedding. Then there exist mon-principal
ultrafilters p1,...,p; on N such that

(i) the set F U{T;*5,,}_, is linearly independent,
(i) X Nspan{F U{T76, )L, } = {0},

Proof. Let us observe that the cardinality of SN is 2° whereas that of
any separable Banach space is less than or equal to ¢. Also recall that the
family {6, : p € BN} is equivalent to the basis of ¢1(2°) and hence linearly
independent. The same remains valid for a fixed 1 < ¢ < [ and the family
{T}*6, : p € BN}, since T;* is an isomorphism. We consider the linear space
X**/X and we denote by @ the natural quotient map @ : X** — X**/X.

CLAIM. For every 1 < i <1, there exists an uncountable subset A; of SN
such that the family {QT;*0, : p € A;} is linearly independent.

Proof of Claim. If not, there would exist a countable subset A; of SN such
that {QT;*0, : p € A;} is a maximal independent subfamily of {QT;*6, :
p € PN} for some 1 <4 <. Then {T}*6, : p € SN} C span{X U {T;*6, :
p € A;}}, which yields a contradiction, since the algebraic dimension of X
is less than or equal to ¢c. =

Since F satisfies X N F' = {0}, it follows that Q| is an isomorphism, and
by induction we will choose, for every 1 <4 <[, an ultrafilter p; on N such
that p; € A; and QT;™0y, ¢ span{Q[F]| U {QT;"dp,}j<;}. For i = 1, there
exists p1 € Ay with QT7*0,, ¢ Q[F], since F' has finite dimension and A, is
uncountable. Suppose that pi,...,p; have been chosen for some 7 < [. Then
there exists p;+1 € Ajp1 with QT}0p,,, ¢ span{Q[F] U {QT;"0p, }j<i}, for
the same reason as above, and this completes the inductive construction.
Notice that the ultrafilters py, ..., p; are non-principal since T%*6,, ¢ X for
every 1 <i<l[. m

COROLLARY 2.10. Let (el)n, .., (eL)n be sequences in a separable Ba-
nach space X such that each one is equivalent to the basis of {1 and de-
note by T; the corresponding embedding. Then, for every k € N and every
1 <i<land 1l < j <k, there exists a non-principal ultrafilter p;; on N
such that

(i) the set {T;*0p,, }ifl j=1 is linearly independent,

. Lk
(i) X Nspan{T;*dp, };2; ;—; = {0}

The following lemma is an immediate consequence of the above, and it
will be used in the next subsection.

LEMMA 2.11. Let (e})n, ..., (€, )n be sequences in a separable Banach
space X such that each one is equivalent to the basis of £1 and denote by T;
the corresponding embedding. Then there exist x7 ..., x] € X* such that
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i) for every 1 < i <, there exists M; € [N]™ with lim,ecp, 5 (el) =1,
7 K n
(ii) for every 1 <1i,j <1, there exists M; € [N]°>° with limneM; zi(ed) =

Proof. From Corollary[2.10] there exist non-principal ultraﬁlters Dise--sPls
q1,-.-,q on N such that the set {T7*8,, }_; U {T7*6,,}L_; is linearly 1nde—
pendent Then, for each 1 < 7 < [, we choose z;** € X™* such that

z;(T7*0p,;) = 6ij and 7™ (17", ]) = 0 for every 1 < j < [. The principle
of local reflexivity then yields an 7 € X* such that T;%6,,(z]) = d;; and
T7*64;(x7) = 0 for every 1 < j <. Fmally, applying Lemma . we obtain
the desired subsequences. =

Next we give a characterization in the general case. Recall that by Rosen-
thal’s ¢; theorem [Ro| and the theory of Schauder bases, if (x,,),, is a Schauder
basic sequence in a Banach space X, then it contains a subsequence which
is either weakly null or equivalent to the basis of #; or non-trivial weak-
Cauchy.

THEOREM 2.12. Let (€l)n,..., (L), be seminormalized sequences in a
Banach space X such that each one is either weakly null, equivalent to the
basis of {1, or non-trivial weak-Cauchy. Let I C {1,... 1} be such that (e%),
is a non-trivial weak-Cauchy sequence with w*-lim e, = e}* for every i € I
and let F' = span{e}*};cr. Then there exists (s;)}_, € Plmy([N]*®) such that
{eii(n)}éil,nEN is a Schauder basic sequence, enumerated according to the
natural plegma order, if and only if X N F = {0}.

Proof. Let J C {1,...,1} be such that (e), is equivalent to the basis
of /1 for each ¢ € J and denote by T; the corresponding embedding. Then
Lemma[2.9)yields for every i € J a non-principal ultrafilter p; on N such that
XNY = {0}, where Y = span{FU{T;*6p, }ics}. For e = d(Sx,Y) it follows
from Lemma [2.4] that, for every x € X with ||z| = 1, there exists f, € X*
with ||fz|| = 1 such that f,(x) > /2 and 2**(f,) = 0 for every ™ € Y. For
every finite F' C Sx, weset Kp = {fz:x € F} Note that lim 2*(el,) = 0 for
every i € I, every finite F' C Sx and every 2* € Kp. Also, from Lemma
for each i € J, there exists M; € [N]*® with lim,ecps, 2*(el,) = 0 for all
x* € Ky. Applying Proposition we derive the desired result. m

More specifically, for a plegma spreading sequence (efl)ézl, Rosenthal’s
theorem shows that each (ef) is either weakly null, equivalent to the unit
vector basis of ¢1, or non-trivial weak-Cauchy, since it is spreading. Taking
also into account the behavior of plegma spreading sequences we give a
corollary of the above theorem.

COROLLARY 2.13. Let (€ )2 1, neN be a plegma spreading sequence in a

Banach space X and I C {1,.. l} be such that (el), is a non-trivial weak-
Cauchy sequence with w*-lim e!, = e;* for everyi € I. Set F' = span{e}*}icry.
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Then (e )i 1.neN s @ Schauder basic sequence, enumerated according to the
lezicographic order on [N] x {1,...,1}, if and only if X N F = {0}.

Proof. Theorem [2.12 - yields a plegma family (s;)!_; in [N]*® such that
(e’i( ))i_l?neN is a Schauder basic sequence if and only if X N F = {0}, and

since T'(e!,) = eii(n) is an isometry, the same holds for (e%)ﬁzl’neN. .

2.2. Finite families of unconditional sequences. We now study the
case of unconditional sequences. We start with plegma spreading sequences.
Recall that every weakly null spreading sequence in a Banach space is uncon-
ditional. The following proposition extends this result to plegma spreading
sequences, using similar arguments to those in the classical case.

PROPOSITION 2.14. Let (e} ) —1,neN be a plegma spreading sequence such
that each (€%,)n is weakly null. Then( L 1. nen 18 an unconditional sequence.

Proof Let 1 = {1,...,l} x{1,...,k} and =z = Z(”)eﬂaw % Since
each (e!), is weakly null, we see that for every ¢ > 0 and (ig,j0) € 7
there exist s1(x),...,Sm(x) plegma shifts of  and a convex combination
Y oieq Aese(x) such that

(i) stl(eé) = S, (e;) for every (i,7) € ' = w\ {(i0,jo)} and 1 < t1,t2, < m,
(i) 1325 Arse(eg)I] < ellzll/aiogo,
(ii) D242 Avsi(z) = Z(i,j) /amsl( 1)+ 200 Aeaiggosi( JO)

Then since (efl)li:l’neN is plegma spreading, we have ||si(x)|| = ||z| for all
1<t <mandalso |3 »er aijsi(€5)]l = 22 jer aijejll and hence
H Z aijez- < (1 —I-E)H Z (lij(B; .
(i.4)€n’ (i.)€m

Finally, applying iteration we show that for every £ > 0 and every F' C ,

’ Z aijeé‘H §(1+€)H Z az’jeé
(i,5)eF (i,5)em

PROPOSITION 2.15. Let (e} )Z 1.nen be a plegma spreading sequence. If
each (el,)y, is equivalent to the basis of 1, then the same holds for (el,)!_ 1. neN

Proof. Let 0 < e < 1,0 <60 < (1 —¢)/2l, and z = Z?Zl Zi:l aije§-
with Z? 1Zl 1 laij| = 1. Then either for x or for —x there exists 1 <
ip < [ such that Z e o > 1/2l, where JJr = {j : aj,; > 0}. Moreover,
from Lemma for any 1 < 4,5 < I, there exist z; € X* and Mz,M

7
TL

in [N]*° such that hmneM xf(ep,) =1 and hmneM; z¥(el) = 0. We set M =



Joint spreading models and uniform approximation 69

max{||z|| : i =1,...,1} and choose a plegma family (s;)}_; in [N]¥ such
that
(i) si,(j) € M;, and z* (€’ 5 (j)) >1—¢ for every j € J;g,
(ii) Sio(j) G‘Mié’ for every j € J; = {j : ai,; <0},
(iii) s M20 for every 1 < j <1 with j # ig,
(IV) .f* (Z] 1 Zl 1,440 G’Z] ]) + Z]EJ a'LO] Sig (])) 5
Hence z} (z) > 12 — § and therefore ||z|| > (155 — §) /M, which yields the

desired result. m

Combining the previous two propositions we have the following final re-
sult.

THEOREM 2.16. Let (el )Z 1,neN be a plegma spreading sequence such

that each (el,), is unconditional. Then (el,)!_ 1.nen 18 also an unconditional
sequence.

Proof. Let I C {1,...,1} be such that the sequence (¢f),, is weakly null
for every ¢ € I and denote its complement by J. We denote by Ej the closed
linear span of {€},}icr. nen and by Ej that of {e}, }icj nen. Then, for any x €
Ey + E1 with x = Z?zl(ZiEI aije;'» + D iy bijeé), using similar arguments
to those in the proof of Proposition we find that for every € > 0,

k k
HZszje; (1+€)HZ(Zaijeé—i‘Zbije;)H.
j=11ieJ j=1 el icJ

Hence Ey + By = Ey & E; and since both (€},)ier, nen and (€%,)ics nen are
unconditional sequences, as follows from the previous two propositions, the
same holds for their union. m

2.3. Unconditional sequences in singular position. The following
is a variant of the Maurey—Rosenthal classical example [MR]. As Theo-
rem [2.16] asserts, the strong assumption of being plegma spreading implies
that [-tuples of unconditional sequences are jointly unconditional. The pur-
pose of this example is to demonstrate that this strong condition is in fact
necessary.

PROPOSITION 2.17. Let Ny, No be a partition of N into two infinite sets.
There exists a Banach space X with a Schauder basis (e )y such that

(1) the sequences (en)nen, and (en)nen, are unconditional,
(ii) for every M C N such that M N N1 and M N Ny are both infinite sets,
the sequence (en)nen 1S not unconditional.
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We fix a strictly increasing sequence of natural numbers (p;); such that

zzf

= 1]>Z

Denote by P the collection of all finite sequences (Ej);'_; of successive
non-empty finite subsets of N. Take an injection ¢ : P — N such that
o((Ex)iy) > max{#E}}_, for every (Ey)}_; € P, and finally fix a parti-
tion of N into two infinite subsets N1 and Ns.

DEFINITION 2.18. A sequence (Ek) ~1 k=1 of non-empty finite subsets
of N is called a special sequence if

(i) E}f C Ny and E} C Nj for every 1 < k <n,

(ii) the sets E} and E} are successive for every 1 < k < n,

(i) the sets E} and E}_ | are successive for every 1 < k < n,

(iv) #El #El = pj, for some j; € N,

(v) #E, = #E,%O = I, Where ji, = a((E’)?_kf;l_l) for every 1 < ko < n.

REMARK 2.19. Let (E’) Z1, k=1 and (F’)Z 1 k=1 be special sequences and
set ko = min{k : #E] # #Fl} If kg > 1 then since o is an injection,

(i) if ko > 2 then E} = Fl and E? = F? for every 1 <k < ko — 1,
( ) #Ek‘o 1 #Fklofl and El}:ofl 75 Fklofl or El%ofl ;é Fk?()fl’
(iii) #E] # #F} for every ko < k < min{n, m}.

Let (ef); as well as (e;); denote the unit vector basis of coo(N) and for
every f,x € coo(N) with f = Y77 aef and = Y /", bie; set f(x) =
Zimrll{n m} aibi. Finally, for f,g € coo(N) with f = >} a;ef and g =
Y opeq b e;., where a;,bj, # 0, we will say that f and g are consistent if
sgn(a;,) = sgn(b;, ) for every 1 < k < n.

DEFINITION 2.20. Consider the following subsets of cyo(N):

Wo = {0} U{xe; :i € N},

{ ZE’ :ECNyor ECNy, #E=pj, 6, € {— 11}for2€E}
'UJJ 1€ER

2 n
{Z f,i L fL e Wo Uy, (supp(f,i))?fl’k:l is a special sequence,

f,% and f,? are consistent for every 1 < k < n},

and set W = {Pg(f) : f € Wo UW; UW,, E is an interval of N}. Define

a norm on coo(N) by setting ||z|| = sup{f(z): f € W} and let Xﬁl){ denote
its completion with respect to this norm.
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REMARK 2.21. For any f = > jaief in W and 1 < k < [ < n,
Eé:k a;ef is in W as well. That is, (e;); forms a normalized and bimonotone
Schauder basis for Xﬁ)R.

REMARK 2.22. For any f = >""" , a;ef in W and any signs (5z)zeN1 (or
(€i)ieN, ), there exist (b;)!'_ such that b; = g;a; for all i € Ny N {1,...,n}
(ori € Non{l,...,n}) and g = >, be] is in W. Hence, the sequences
(ei)ien; and (e;)ien, are 1-unconditional.

DEFINITION 2.23. We will call an x in X](\/QI)R a weighted vector if x =
\/% Y icp i With #E = pp and ¢; € {—1,1}. We also define the weight
of z as w(x) = .

Moreover, any f = \/% Y icpcie; in W with #E = pp and ¢; € {—1,1}
will be called a weighted functional and we define the weight of f asw(f) = .

LEMMA 2.24. Let x1,...,x, be successive weighted vectors with increas-
ing weights, and f1,..., fm be successive functionals with increasing weights.

If w(z;) #w(f;) for all 1<i<n and 1<j<m, then 31" S0 1 | fi(z:)| < 3.
Proof. For z, f weighted with w(x) = g and w(f) = pg such that pp # ug,

we have |f(z)| < % and hence |f(x)| <\/me/ /1 if pe < ., and

|f(2)] < /i //1e if e < pe. Let w(z;) = pe, and w(f;) = pg;. Then

|fj(x:)| < min{ \/\/g FVM } for each pair (i, j), and since each pair (p;, fix;)

appears only once, we have

Vi1
ZZVJ ’<sz§§-l

7j=1 =1 =1 3>1

PROPOSITION 2.25. Let (El,i)f:n1 w1 be a special sequence. Define the
vector zi. = (1//#E%) ZieE}; ei for1 <k <nandi=1,2. Then

2 n
|34
i=1 k=1

whereas |37, Yy (— 1)\ ]| < 5.

Proof. Set p;, = #E,i for 1 < k < n. The first part follows easily from
the fact that f = 32, E}zzl(l/\/@) ZJ'GE?; ej is in W. For the second
part set y = E?Zl Shoi(—=1)'z and let g = 27,2:1 oy ﬁzjng e;
in Ws and also kg = min{k : #E} # #F}}, under the convention min ) =

m + 1. If kg = 1, then the previous lemma yields |g(y)| < 1/2. Otherwise,
by Remark and Lemma
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(i) if ko > 2, then gi(y) = —g2(y) for every 1 < k < ko — 1,

(i) |gk,—1 ()| <1 and 3730, gj(y)| < 1/2 for i =1,2.

Hence |g(y)| < 3. Finally, in the general case of g € W, using similar argu-
ments we conclude that [g(y)] < 5. =

PROPOSITION 2.26. Let M C N be such that M N N1 and M N Ny are
both infinite sets. Then the sequence (e;)ienr s not unconditional.

Proof. We may choose for each n € N a special sequence (E}C)fjl kel

such that E,i C M N Nj and E,% C M N Ny for every 1 < k < n, and apply
Proposition 2.25 to conclude that
’ Z g;a;€;
€M

sup{H E g;a;e;
ieEM

Since n is arbitrary, it follows that (e;);cas is not unconditional. m

2n

e e {-1,1), 31}2 -

The following problem is however open.

PROBLEM 1. Let (e}),, and (e2), be subsymmetric sequences in a Banach
space, i.e. spreading and unconditional. Do there exist infinite subsets M, L
of N such that {eL}nerr U {e2}ner is unconditional?

Despite the fact that for (e,)nen, and (e,)nen, any subsequences fail
to form a common unconditional sequence, the following more general re-
sult shows that we may find further block subsequences which satisfy this
property.

PROPOSITION 2.27. Let (zp)n and (yn)n be unconditional sequences in
a Banach space X. There exist block sequences (zp)n and (wp)n of (zn)n
and (yn)n respectively such that {zp }nen U {wn }nen is an unconditional se-
quence.

Proof. Assume that there exist subsequences (n)nenr, and (Yn)nens,
such that d(Sz, Sy) > 0, where Z = span{xy, }nenrr, and Y = span{y, }nens,-
Then Y + Z is closed. Hence Y + Z =Y & Z by the Closed Graph Theorem
and this shows that {xp, tnerr, U {yn}nen, is unconditional.

Otherwise, we choose by induction normalized blocks (zy,), and (wy)n
of (xn)n and (yn)n respectively with Y 07 ||z, — wy|| < 1/(2C), where C is
the basis constant of (z,,),, and hence also of (zy,),. Then, by the principle
of small perturbations, {22, }nen U {w2n—1}nen is equivalent to (zy),, which
is unconditional. =

REMARK 2.28. A natural question arising from the previous proposition
is whether every space generated by two unconditional sequences is uncondi-
tionally saturated. The answer is negative and this follows from a well known
more general result. Let X be a Banach space with a Schauder basis (z;,),
Y be a separable Banach space and (dy,),, be a dense subset of the unit ball



Joint spreading models and uniform approximation 73

of Y. Then the sequences (z,,), and (y,), with y, = x,, + d,,/2" are equiv-
alent and generate the space X @Y. Hence if (z,), is unconditional and Y
contains no unconditional sequence, we obtain the desired result. We thank
Bill Johnson for bringing this classical argument to our attention.

3. Joint spreading models. We introduce the notion of /-joint spread-
ing models which is the central concept of this paper. It describes the joint
asymptotic behavior of a finite collection of sequences. As is demonstrated
in [AMI], in certain spaces this behavior may be radically more rich than
the one of usual spreading models. It is worth pointing out that spreading
models have been tied to the study of bounded linear operators [AM2] and
the present paper clarifies that joint spreading models are no exception.

DEFINITION 3.1. Let I € N, (z ) s - -+ (21), be Schauder basic sequences
in a Banach space (X, ||-||) and (ef,)}_ 1. nen be a sequence in a Banach space
(B, |- [l)-

“Let M € [N]*°. We will say that the I-tuple ((2%)nem)iy generates
(e%)ézl7n€N as an l-joint spreading model if the following is satisfied. There
exists a null sequence (d,,), of positive reals such that for every k € N,

(azj)ﬁkl _j=1 € [~1,1] and every strict plegma family (s;)t_, € S-Plmy([M]¥)
with M(kz) < s1(1), we have

k l
[5-5 t|-[3 5o

7j=11i=1

< 0.

We will also say that ((«? ) )Z | admits (e} )i 1,neN

model if there exists M € [N]*° such that ((x! )neM)z | generates (ef,)!_ 1 neN-

as an l-joint spreading

Finally, for a subset A of X, we will say that A admits (el,)!_ 1.neN 08

an l-joint spreading model if there exists an I-tuple ((x%),)!_; of sequences
in A which admits (e’ )i 1,neN as an [-joint spreading model.

Notice that for [ = 1, the previous definition recovers the classical Brunel—
Sucheston spreading models.

REMARK 3.2. Let (z}),, ..., (z}), be Schauder basic sequences in a Ba-
nach space (X, ||-]|). Let also M € [N]* be such that the I-tuple ((z%,)nenr)i_;
generates the sequence () y as an [-joint spreading model. Then the
following hold:

i=1,n€e

(i) For every 1 < i <1, the sequence (€?),, is the spreading model admitted
by (23,)n-

(ii) The sequence (ef,)!_ 1. nen 18 plegma spreading. Although I-joint spread-
ing models are defined using strict plegma families, these sequences
behave in a spreading way that involves plegma families.
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(iii) For every M’ € [M]*°, ((2%)nenr)!_; generates (el
spreading model.

(iv) For every (d,), null sequence of positive reals there exists M’ € [M]*>®
such that ((x%),enr)l_; generates (e%)ézl’neN as an [-joint spreading
model with respect to (6, )n-

l . o .
)i 1. neN s an l-joint

(v) If || - || is an equivalent norm on X, then every [-joint spreading model
admitted by (X, || -||) is equivalent to an [-joint spreading model admit-
ted by (X, |- [)-

Next we prove a Brunel-Sucheston type result for [-joint spreading models.

THEOREM 3.3. Letl € N and X be a Banach space. Then every l-tuple of
Schauder basic sequences in X admits an l-joint spreading model.

First we present the following combinatorial lemma which will yield the
theorem.

LEMMA 3.4. Let (zl)n,...,(zL), be bounded sequences in a Banach

space X and (0,)n be a decreasing null sequence of positive real numbers.
Then for every M € [N]*°, there exists L € [M]>° such that

ko1 E o1
i i
|22 auei || = | 22X awsi)|
j=1 i=1 j=1i=1

for every k € N, (CLU)lkl j=1 € [-1,1] and (si)l_y, (t:)i_, € S-Plmy([L]¥)
with s1(1),¢1(1) > L(k).

Proof. Let C' > 0 be such that ||z}|| < C for all i = 1,...,] and
n € N, and set Lo = M. We will construct, by induction, a decreasing
sequence (Lg)r>o such that for every k € N, (aij)ifl7j:1 C [-1,1] and

(si)izy, (i)l € S-Plmy([Lg]"),

k l k l
| aswin]| = |2 X et |
j=1 i=1 j=1i=1

Suppose that Lg,...,Li_1 have been chosen for some k € N. Let A be a
finite 4/g—é“c—net of [—1,1] and B be a partition of [0, [C] consisting of disjoint
intervals with length less than &;/4. We set F = {f : A¥ — B}, and for
feF,

< O,

< 0.

Py = {(sz)l | € S-Plmy([Ly_1]* H iiaij‘rii(ﬁH € f(a)
j=1i=1

for all @ = ((aij)5_,)L, € A’“}
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Then S-Plmy([Ly_1]%) = Ufer Pr and by Theoremthere exist Ly, € [N]*°
and f € F such that S-Plmy([L¢]*) C Py. Hence for all (aij)i'ﬁl,jzl C A and
(Si)ézl, (ti)ézl S S—lel([Lk}k), we have

n l n l
7 )
| 2 aual | - | X aseio|
=14 j=1i=1

7j=11i=1

O,
<7

Since A is a net of [—1,1], it is easy to see that Lj is as desired. Finally,
choosing L to be a diagonalization of (L), completes the proof. m

Proof of Theorem . Let (z1)n, .., (2}), be Schauder basic sequences.
Observe that Lemma yields an infinite subset L of N such that for every
k € Nand (aij)ifl j=1 C [-1,1] and every sequence ((s?)!_;)n of strict plegma
families in [L]* with lim s7(1) = oo, the sequence (HZ?:llz:l aijazin(j) )n is

Cauchy, with the limit independent of the choice of ((s?)ﬁzl)n

Denote by (en), the usual basis of cpo(N), and for every i = 1,...,1
and n € N, set €}, = ey(; n), where k(i,n) = (n — 1)l + in. Using the above
observation, we define a seminorm || - ||« on coo(N) as follows:

k1 A k1 ‘
H > D aiej| =lim ‘ZZ“%’J%U)H
j=1i=1 j=1i=1

where ((s?)!_,)n C Plmy([L]*) with s7(1) — oo and (aij)i’il,j:l € [-1,1].
Since each (%), is a Schauder basic sequence and hence does not contain
any norm convergent subsequences, a modification of [BL, Proposition 1.B.2]
shows that || - ||+ is a norm. Denote by E the completion of cop(N) with respect
to this norm and notice that the I-tuple ((x%)ne)!_; generates the sequence

(eil)i-:l’neN in E as an [-joint spreading model. u

The following proposition is an immediate consequence of the definition

of [-joint spreading models and Theorem

PROPOSITION 3.5. Let (x}1)n, ..., (2}), be Schauder basic sequences in a
Banach space X such that each one is either weakly null, equivalent to the
basis of L1, or non-trivial weak-Cauchy, and the [-tuple (m%)ézl’neN generates

the sequence (e%)ézl’neN as an l-joint spreading model. Let I C {1,...,1} be
such that (z%), is a non-trivial weak-Cauchy sequence with w*-lim z, = x}*
for every i € I and let F' = span{z*};cr. If X N F = {0}, then (efl)ézl,neN
is a Schauder basic sequence.

The next example demonstrates that the opposite statement to the above
is not always true, that is, (efz)lizl, nen may be Schauder basic whereas
X NF#{0}.
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EXAMPLE 3.6. Define a norm on coo(N) by [|z]| = sup Y i [3°cp # (k)]
where the supremum is taken over all finite collections I, ..., I,, of successive
intervals of natural numbers with n < min I;. Denote by X the completion of
coo(N) with respect to this norm. Then the usual basis (e,), is a non-trivial
weak-Cauchy sequence that generates a spreading model equivalent to the unit
vector basis of /1. Consider the sequences e}L = egp—1 — €1 and e% = e te1.
As follows from Proposition [2.5] none of their subsequences is a common
Schauder basic sequence whereas the [-joint spreading model admitted by

(eh)2_, e is equivalent to the unit vector basis of ¢;.

Recall that spreading models generated by weakly null sequences are
unconditional. This is extended to joint spreading models by an easy modi-
fication of the classical case [BLL Proposition 5.1].

PROPOSITION 3.7. Let (x})n,. .., (a})n be weakly null Schauder basic
sequences in a Banach space X that admit (e%)ﬁzl’neN as an l-joint spreading

model. Then (eg)ézl nen 18 1-suppression unconditional and hence for every

e >0 and k € N there exists n € N such that for every (s;)}_; € S-Plm;([N]¥)
withn < s1(1) the sequence (xi,(j))éfl j—1 15 (1+€)-suppression unconditional.

REMARK 3.8. The notion of [-joint spreading models can be naturally
extended, by a diagonalization argument, to w-joint spreading models which
are w-plegma spreading sequences and are generated by countably many
Schauder basic sequences.

4. Spaces with a unique joint spreading model. In this section
we study spaces that admit a uniformly unique joint spreading model with
respect to certain families of sequences. In the first part we prove the uniform
uniqueness of [-joint spreading models for the classical £, and cq spaces. Then
we pass to Asymptotic £, spaces [MMT] and in the last part we study this
problem for the James Tree space.

DEFINITION 4.1. Let .# be a family of normalized sequences in a Banach
space X. We will say that X admits a uniformly unique l-joint spreading
model with respect to .# if there exists K > 0 such that, for every [ € N,
any two [-joint spreading models generated by sequences from .% are K-
equivalent.

REMARK 4.2. Let .% be a family of normalized sequences in a Banach
space X such that, for some [ € N, there exists K; > 0 such that any two
[-joint spreading models generated by sequences from .# are Kj-equivalent.

(i) Foreveryl’ < I, there exists Ky < K such that any two I’-joint spreading
models generated by sequences from % are Kp-equivalent.
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(ii) The space X may fail to admit a uniformly unique [-joint spreading
model with respect to .7. For examples of such spaces see [AMI] and
Definition [5.28 below.

NOTATION 4.3. For a Banach space X, we will denote by .# (X) the set of
all normalized Schauder basic sequences in X, by .%y(X) its subset consisting
of the sequences that are weakly null, and by .Z#¢(X) the set of all normalized
C-Schauder basic sequences in X . Finally, if X has a Schauder basis, we shall
denote by .%,(X) the set of all normalized block sequences in X.

Next we present some examples of spaces admitting a uniformly unique
l-joint spreading model. We start with the classical sequence spaces £, and cg.

PROPOSITION 4.4. Each of the following spaces admits a uniformly unique
l-joint spreading model which is in fact equivalent to its unit vector basis:

(i) the spaces £y, for 1 < p < oo, with respect to F (£p),
(ii) the space 1 with respect to Fp(L1), but not with respect to F (¢1),
(iii) the space co with respect to Fy(co), but not with respect to F(cyp).

It is immediate to see that the above remain valid for the spaces €,(I")
for 1 < p < 00, and ¢p(I") for any infinite set I

REMARK 4.5. For C' > 1, the space ¢; admits a uniformly unique I-
joint spreading model with respect to .#¢(¢1). To see this, let (z5,), be an
arbitrary normalized C-Schauder basic sequence in ;. Passing, if necessary,
to a subsequence, we see that (x,), has a pointwise limit z¢ in ¢;. That
is, limy, €} (xy,) = e} (xo) for all i € N. Also, if we set z, = z, — g, then
lim,, ||zn|| = X may be assumed to exist. It follows that ||z¢||+ A = 1 and that
0 < A < 1. We can also assume that (A™12,)n>n, is (14 1/ng)-equivalent to
the usual basis of £;. We conclude that for any M € N,

M M 2M
ML . . B
(1= 2) = Mol < lim | 3" wninl| < Clim || wnin = > v
n=1 n=1 n=M+1

M 2M
=C'li — = )
1]?1”22n+k Z zn+kH C2M\
n=1 n=M+1

Therefore, A > 1/(2C + 1). Hence if (2%),, 1 < i < [, is an [- tuple of
C-Schauder basic sequences, we may pass to subsequences such that (x2)n
converges pointwise to some x{) for 1 < i < [ and if we set (2},), = (2, — z})
for 1 <4 <[ then these sequences are pointwise null and they are all bounded
below by 1/(2C +1). We may then conclude that for any € > 0, passing to
appropriate subsequences, (z%),, 1 < i < m, is jointly (2C+1—|—6) equivalent
to the unit vector basis of /7.



78 S. A. Argyros et al.

REMARK 4.6. Although for any C' > 1 the space ¢; admits a uniformly
unique [-joint spreading model with respect to .Z#¢(¢1), this is no longer true for
spaces with the Schur property. For example, define for each n € N the norm
I+l on £2 by [zl = masc{ljz] ez, njz]e, . Set X = (3, Xp)ey, where
Xy, = (£1,] - ||n), which has the Schur property. Although every spreading
model of this space is equivalent to the unit vector basis of £1, this does not
happen for a uniform constant.

Another example of spaces admitting a uniformly unique joint spreading
model are asymptotic ¢, spaces. We start with their definition.

DEFINITION 4.7 ([]MT]). A Banach space X with a normalized Schauder
basis is asymptotic £, (resp. asymptotic cp) if there exists C' > 0 such that any
finite sequence (x;)!" ; of normalized vectors in X with n < supp(z1) < --- <
supp(w,,) is C-equivalent to the standard basis of £; for 1 < p < oo (resp. of cfy).

The classical examples of asymptotic ¢, spaces are Tsirelson’s original
space [T and its p-convexifications [FJ|. The next proposition follows easily
from the above definition and the fact that an asymptotic ¢, space, for
1 < p < o0, is reflexive.

PROPOSITION 4.8. Every asymptotic £, or asymptotic cy space X admits
a uniformly unique l-joint spreading model with respect to Fp(X). Moreover,
every asymptotic £, space, for 1 < p < oo, admits a uniformly unique l-joint
spreading model with respect to .F (X).

The following proposition concerns spaces with uniformly unique joint
spreading models with respect to families that have certain stability prop-
erties. The joint spreading models of such spaces are unconditional and
sometimes even equivalent to some £, or to cy. Families with such properties
play an important role in the study of the UALS in the next section.

PROPOSITION 4.9. Let X be a Banach space that admits a K-uniformly
unique l-joint spreading model with respect to a family % of normalized
Schauder basic sequences. Assume that & has the following properties:

(a) If (z4); is in F then any subsequence of (xj); is in F.

(b) If (x;); is in F then there exists an infinite subset L = {l; : i € N}
of N such that if z; = |1y, — @1y, || (w1y,_, — 21,,) for i € N, then the
sequence (z;); is in F.

(¢) If (zj); is in F and (M), is a finite sequence of scalars, not all zero,
then there exists an infinite subset L = {l; : i € N} of N such that if

N N
—1
Zn = H Z )\il‘lN(nA)H (Z )\imlN(nq)H) fOT n e N,
i=1 i=1

then the sequence (z;); is in F.
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Then the following statements hold:

(i) If F satisfies (a) then every l-joint spreading model admitted by an [-tuple
of sequences in F is spreading when enumerated with the natural plegma
order and it is K-equivalent to the spreading model generated by any
sequence in F.

(i) If F satisfies (a) and (b) then every l-joint spreading model admitted by
sequences in F is K-suppression unconditional.

(iil) If.Z satisfies (a) and (c) then every l-joint spreading model admitted by
sequences in F is K-equivalent to the unit vector basis of ¢, (for p = oo
we mean the unit vector basis of cyp).

Proof. (i) follows by taking an arbitrary sequence (x;); in .#, passing to
a subsequence that generates some spreading model (e;);, and then taking
disjointly indexed subsequences (x});, ..., (!);, which by assumption are all
in .%#. Clearly, they generate an I-joint spreading model that is isometrically
equivalent to (e;);. We conclude that any I-joint spreading model generated
by an [-tuple of sequences in .# is K-equivalent to (e;);, when endowed with
the natural plegma order.

For (ii) it is sufficient, by (i), to show that any spreading model admitted
by a sequence in .% has the desired property. Pick an arbitrary sequence (x;);
in .# which by (a) may be chosen to generate some spreading model (e;);.
Applying (b) to (x;); we can deduce that there is a sequence in .# that
generates as a spreading model the sequence (|lezj_1 — ea;]|~*(e2j—1 — €25));,
which by [BL, Proposition 4.3] is 1-suppression unconditional. Observe that
any sequence that is K-equivalent to a 1-suppression unconditional sequence
is K-suppression unconditional.

Assume now that (a) and (c) hold. Clearly, (a) and (c) together imply (b)
so we may pick up where we left off, namely having at hand a sequence (x;);
in % that generates a spreading model that is 1-suppression unconditional.
By [MMT], 1.6.3], as a direct application of Krivine’s theorem [Kr], [L], for any
m € N and € > 0, we may choose scalars A\, ..., Ay such that any m terms
of the resulting sequence (zy,), are (1 + ¢)-equivalent to the unit vector basis
of E;” for some 1 < p < oo. This means that there exists a constant K such
that, for any m € N, there exists 1 < p,;, < oo such that the first m terms
of any spreading model generated by a sequence from % are K-equivalent
to the unit vector basis of ¢, . Taking a limit point of (py,)m yields the
conclusion. m

4.1. Coordinate-free asymptotic £, spaces (Asymptotic £, spaces).
Notice that Definition of an asymptotic £, space from [MT] depends on
the Schauder basis of X and not only on X. A coordinate-free version of this
definition can be found in [MMT), Subsection 1.7| and it is based on a game of
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two players (S) and (V). In each turn of the game player (S) chooses a closed
finite-codimensional subspace Y of X and player (V) chooses a normalized
vector y € Y. A Banach space X is called Asymptotic £, if there exists a
constant C' such that, for every n € N, player (S) has a winning strategy
in the game G(p,n,C), that is, to force in n steps player (V) to choose a
sequence (y;)j_; that is C-equivalent to the unit vector basis of £ (or cj
for p = 0c0). We point out that the original formulation of this property is
different. The equivalence of the original definition with this more convenient
version follows from [MMT| Subsection 1.5].

Next we show that for a separable Asymptotic £, space X for 1 < p < oo,
there exists a certain family of sequences in X, described in Proposition[4.11
with respect to which X admits a uniformly unique [-joint spreading model.
This family has certain properties that .%#y(X) fails when X contains ¢; and
this result will be used in the next section to prove that an Asymptotic £
space satisfies the UALS. We start with the following lemma.

LEMMA 4.10. Let X be a separable C-Asymptotic £, space for 1 < p < oo.
Then there exists a countable collection % of finite-codimensional subspaces
of X such that, for everye > 0 andn € N, player (S) has a winning strategy in
the game G(p, n, C +¢) when choosing finite-codimensional subspaces from %' .

Proof. If X is C-asymptotic £, in the sense described above, we shall,
for fixed n € N, assume the role of player (V) and let player (S) follow a
winning strategy during a multitude of outcomes in a game of G(p,n,C).
More accurately, we will describe how to define a collection of vectors of X of
the form {2 : ) ## F € [N]="} and a collection of closed finite-codimensional
subspaces of X of the form {Y2 : F € [N]="~!} that satisfy:

(i) for all F € [N]<"~! the norm-closure of {:U’}@U{i} : 1 > max F'} is the unit

sphere of Y}? (here, max () = 0), and
(ii) for every {ki,...,ky} in [N]=7,

Y0 28e)s (Vi T ko) Y k13 Tk o })

is the outcome of a game of G(p,n,C) after m rounds in which player
(S) has followed a winning strategy.

Player (S) initiates and he chooses a finite-codimensional subspace Y. As

player (V), we choose a dense subset {x?z} : ¢ € N} of the unit sphere

of Y. If for some 1 < m < n we have chosen {z7 : § # F € [N]="} and

{YP : F € [NJ5™1} we complete the inductive step as follows: for every

F ={ki <--- < kpy}, by assumption (ii), player (S) may continue following

a winning strategy and choose a closed finite-codimensional subspace Y such
m o~

that for every unit vector y € Y the sequence (z7,)i2; " (y) is C-equivalent
to the unit vector basis of EZL‘H. Set Y =Y and then, for all ¢ > max F,
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choose a unit vector xg ;y in Yp such that the set {27, (i 11> max F }is
dense in the unit sphere of Yz .

Set # = {Y2 :n € N, F € [N!} and fix e > 0 and n € N.
Let us also take € > 0 to be determined later. We will describe a win-
ning strategy for player (S) in the game G(p,n,C + ¢), choosing finite-
codimensional subspaces from %. Player (S) initiates the game and chooses
the subspace Y1 = Y", and player (V) chooses an arbitrary normalized vec-
tor y; from Yj. Before the next turn, player (S) also chooses k; € N such
that [ly1 — 2} || < &/n. Let (Y1,41),...,(Yim,ym) be the outcome of the
first m turns of the game for 1 < m < n, while player (S) has also chosen
ki,....km € N with |[y; — 2 || < &/n for 1 <4 < m. In the next turn,
player (S) chooses the subspace Y, +1 = Y{?ﬁ,...,km} and k,+1 € N such that
| Yym+1— ZL‘Zm+1 | < &/n, where yp,1 is the vector player (V) chose from Yy, 1.
Hence if (Y1,91),...,(Yn,yn) is the final outcome of the game, notice that
the sequence (le)?:l is C-equivalent to the unit vector basis of £ and
lyi —ap |l < &/nfor all 1 < i < n. If we take 1 < A, B with AB < C
such that 1/A < (X7, [ai?) 17 < [0, aiaf | < B, Jaif?) 7 then we
conclude that (y;)!'_; is C(1 + €)/(1 — EC')-equivalent to the unit vector basis
of £;. For ¢ sufficiently small we deduce the conclusion. =

PropPOSITION 4.11. Let X be a separable C-Asymptotic €, space for
1 < p < o0. There exists a countable subset o/ of X* such that if

P, = {(wn)n i (zn)n is normalized and liin f(zn) =0 forall f € @7},

then X admits £, as a C*-uniformly unique l-joint spreading model with
respect to the family Fo o .

Proof. Let % be as in Lemma and, for each Y € %, choose a
finite subset f{,.. ,f,g; of X* such that Y = ﬂfﬁl ker f¥ and set o =
Uyea {1 .- .,f,g;}, which is a countable set. We will show that it is as
desired. To that end, let [ € N and (z})n,. .., (2}), be sequences in Fy
generating an [-joint spreading model (e%)ﬁ:lﬂ. Let k£ € N; we will show
that (e§)§f1,j:1 is C-equivalent to the unit vector basis of %’“. Set m = lk,
fix ¢ > 0 and, using Lemma [2.1], choose by induction normalized vectors
Y1, .-, Ym and (s;)l_; in S-Plmy;([N]¥) such that

(1) Y1,y1),---, (Y, ym) is the outcome of the game G(m, p, C' + ¢),
(i) Y1,.... Y, €%,
(iii) for 1 <4 <l and 1 < j < k, if we take n(i,j) = (i — 1)k + j then
Hyn(i,j) - x;i(j)H <e/m.
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It follows that for any scalars (a,-j)ifl j=1 with |a;j| <1, we have

|33 et | 32 S|

14=1 7=11i=1
As (yi)i2, is (C' +¢)-equivalent to the unit vector basis of £, the conclusion
follows. m

k
<e.

J

The following is an immediate corollary of the above. In the general case,
all Asymptotic £, spaces admit a uniformly unique joint spreading model with
respect to the family of normalized weakly null Schauder basic sequences.

COROLLARY 4.12. Every Asymptotic £, space X, for 1 < p < oo, admits
a uniformly unique l-joint spreading model with respect to Fo(X). Moreover,
every l-joint spreading model generated by a sequence from this family is
equivalent to the unit vector basis of £, (or of ¢y if p = 00).

4.2. James Tree space. We show that the James Tree space JT admits
a uniformly unique joint spreading model with respect to .%(JT). This
is however not true for joint spreading models with respect to .#(JT) or

F(JT).

NOTATION 4.13. We denote by Z the dyadic tree, i.e. 9 = {0,1}<>,
ordered by the initial part order. We will use S to denote segments of Z,
and B to denote branches. For m < n, the band Q) is the set {s € 7 :
m < |s| < n}. We set coo(Z) to be the linear space of all eventually zero

sequences r : Z — R. For a segment S of ¥ we denote by S* the linear
functional on cpo(Z) defined as S*(z) = > g x(5).

DEFINITION 4.14 (|J2]). On ¢po(Z) we define the norm

fellor = sup (32 (3 #())") "

i=1 sES;

where the supremum is taken over all finite collections S1, ..., .S, of pairwise
disjoint segments. The James Tree space, denoted by JT, is the completion
of coo(Z) with respect to the above norm.

REMARKS 4.15. (i) The following set is norming for J7":
n n
W = { Z b;S; :n €N, Z b? <1, {8} pairwise disjoint segments}.
i=1 i=1

(ii) Let ¢ > 0, z € JT with ||z|| = 1 and {S;};cr be pairwise disjoint
segments with the property that | S (z)| > e for every i € I. Then #I < 1/
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(iii) Let Si,..., Sy be pairwise disjoint segments and by,...,b, € R. Then

H f:bisgk "< Zn:b?.
=1 =1

We will prove the following theorem.

THEOREM 4.16. The space JT admits a uniformly unique l-joint spreading
model with respect to Fo(JT), and every l-joint spreading model generated by
sequences from this family is \/2-equivalent to the unit vector basis of (5.

This is a variant of the well known result due to I. Amemiya and T. Ito [Al]
that every normalized weakly null sequence in JT' contains a subsequence
which is 2-equivalent to the usual basis of ¢5. From this it follows that
every spreading model generated by a normalized weakly null sequence is
2-equivalent to the unit vector basis of £5. Our approach implies that every
[-joint spreading model generated by sequences from .%y(JT') is equivalent to
the unit vector basis of 5 with equivalence constant \/5, which as mentioned
in [FGI, [Be] is the best possible.

As a consequence of the fact that the James space (see Definition
is isometric to a subspace of JT', it follows that J also admits a uniformly
unique [-joint spreading model with respect to .Zy(J).

We break up the proof of the theorem into several lemmas and we start
with the following Ramsey type result.

DEFINITION 4.17. Let (Q{p, 4.])n be successive bands in Z and let (Fy,)n
be a sequence of finite subsets of JT. We will say that (F,), is a weakly null
level block family with respect to (Q[pn7Qn])n if

(i) supp(z) C Qp,.q, and [|z| =1 for every n € N and z € F,,
(ii) the sequence (zy,)y is weakly null for any choice of z,, € F,,.

LEMMA 4.18. Let (Fy,), be a weakly null level block family with
sup,, #F, < co. Then, for every e > 0, there exists an L € [N]|* such that
for every initial segment S there exists at most one n € L with |S*(x)| > ¢
for some x € F,.

Proof. If the conclusion is false, then using Ramsey’s theorem [Ra] we
may assume that there exists L € [N]* such that, for any m < n in L, there
exist an initial segment Sy, , and x € Fy,, y € F, such that |S}, (7)] > ¢
and [S7, ,(y)] > €.

CLAIM. Set pn = max,, #F, /e?. Then #{Smnljop,) : m € L, m <n} < p
for every n € L, where for a segment S and p,q € N we denote S|, 4 =
SN qu] .

Proof of Claim. If #{Smnlop,) : m € L,m < n} > p for some
n € L, then using the pigeon hole principle, we may find an z € F,
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and F C {1,...,n — 1} with #F > 1/¢? such that |[Sp,(z)| > € and
the segments Smm\[ ] are pairwise disjoint for m € F. This contradicts

Remark [4.15(ii). = o
Hence, forevery n € L,let {Smnljp,) : m € L, m <n} = {S],... ,Sﬁ(n)}
with p(n) < p and set L} = {m € L : m < n and Spmauljoyp, = Si'} for
1 <i<p(n),and L? =0 for p(n) < i < p. Notice that {m € L: m < n} =
" | L for all n € L. Passing to a further subsequence we may assume
that, for every 1 < i < p, (L})ner converges pointwise and we denote that
limit by L;. Then it is easy to see that L = (Ji_; L; and hence some L;; is
an infinite subset of L such that, for every n € L;,, there exists an initial
segment S, such that, for all m < n in L;,, we have |S}(x,,)| > ¢ for some
T € Fip. Then there exist M € [L;,]* and a sequence (2, )nen With z,, € F,
such that (Sy)nen converges pointwise to a branch B and |S},(x,,)| > € for
all m > n in M. Hence |B(x,)| > ¢ for all n € M, which contradicts

Definition [4.17(ii). =

LEMMA 4.19. Lete > 0 and (Fy,), be a weakly null level block family with
respect to (Q[pn,qn])n and assume that sup,, #F, < co. Then there exist an
increasing sequence (ny)r in N and a decreasing sequence (gx)x of positive
reals such that

(i) for every k € N and every initial segment S there exists at most one

k' > k such that |S*(z)| > e for some z € F,
(i) D ope 2% 32, (i +1)e <e.

Proof. Let (8,)n be a sequence of positive reals such that > >, 4, < e.
We construct (ng); and (), by induction on N as follows. We set n; =1
and L; = N and choose €1 such that 29'2¢7 < §1. Suppose that nq,...,n;
and €1,...,; have been chosen for some k in N. Then Lemma yields
an Ly, € [Lg_1]° such that for every segment S there exists at most onen € Ly,
with |S*(z)| > ey for some x € F),. We then choose ngy1 € Li with ng1 > ny
and €41 < € such that

k'

(a) 2%mk+1(k 4 2)epq1 < Opg1,
(b) 20mm SYEHL (G 4 1)ey < 8, for every m < k.

=m

It is easy to see that (ng); and () are as desired. m

LEMMA 4.20. Lete > 0 and (e,)y be a decreasing sequence of positive reals.
Let also (Fp)n be a weakly null level block family with respect to (Q[p, q.1)n
and assume that sup,, #F, < oo and

(i) for every n € N and every initial segment S there exists at most one
m > n such that |S*(x)| > e, for some x € F,,

(i) o2 2032 (i+1)g; <e.
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Then for everyn € N and every choice of x1, ..., x, with x; € F; and scalars
ai,...,ay we have

( al-)l/Q < HZ@I:UZ \f—i-s)(z 2>1/2.

=1 1=

Proof. First observe that if (x,), is a sequence with each x,, in Fj,, then
for every n € N and every segment S with |M (z,—1)| < |min S| < |M(z,)|,
where for x € coo(Z) we denote M (x) = maxsupp(z), the following hold
due to (i):

(@) #{i>n:|S*(z;)| > en} <1,
(b) #{i >n:ex_1 > |5"(x;)| > er} < k for every k > n.

Now for each 1 < i < n, there exist pairwise disjoint segments S, ... ,S;‘;%
such that S} C Qp, 4, and Z;’ZI(SJZ*(QJZ)F = ||z;|| and hence

H 2” = (ga?§<5§*<xi>>2)l/2 > (ya)”

=1

Pick pairwise disjoint segments Si,...,S5,, and reals b1,...,b, with
Z;-n:l b? < 1. For given 1 < j < m, denote by i;; the unique 1 <4 <n such
t.hat ‘M(xij*l_m < |min S;| < [M(z;;,)| and also by i;2 the unique, if any,
ij,1 < i < n such that |S*(xz o) > €i;,- Weset Sjp = SjN Q[Pij,kvqij,k] for
k=1,2, and Sj}g S \( 5,1 U S] 2) and J; = {j : ij’l =1 or Z.j72 = ’L} for
1 <7 < n. Note that, by (a), each j appears in J; for at most two ¢ and so
Dot X, b? <2 Zm b?. We thus calculate

‘jz:bj 1(2%%)—1—217 2(2%:@) —‘Z(LZZb 5’* ()

= Jj€J;
n 1/2 . 1/2
< (S) (5 (S hsren’)
<() (5 < va(p )
i=1 i=1 jeJ; =1
Finally, we set G; = {j : |[M(x;—1)| < |m1n]S| < |M(x;)|} and we see

that {1,...,m} = ;2 Gi. Notice that #G; < 2% and [SF5(> 25— =x)| <
dopi(k+ 1)€k for any j € G;. Then due to (b) and (i ) it follows that

Z;n:l |S;3(Z?:1 z;)| < e and hence

‘Zb S]3<§n;azxz> —‘Zz:aZZb 3:):Z

n

< s(Zaf)l/Q.

=1
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Proof of Theorem |4.16. Let (zL)n,...,(24)n in Fo(JT) be such that
((2%)n)_; generates a sequence (efl)fi:L%N as an [-joint spreading model
and by a sliding hump argument we may assume that each sequence (%),
is block. Hence we may choose L € [N]* such that the family (F,)ner with
F, = {x},... 2L} is a weakly null level block family in JT which satisfies (i)
and (ii) in Lemma . Then, since ((z%,)ner)!_; also generates (e%)ézl,nEN
as an [-joint spreading model, (e%)ézl’ nen 18 v/2-equivalent to the usual basis
of £5 and therefore any two [-joint spreading models generated by sequences
from %#((JT) are 2-equivalent. m

REMARK 4.21. The notion of asymptotic models, which appeared in [HOJ,
also concerns the asymptotic behavior of countably many basic sequences. Al-
though asymptotic models are different from joint spreading models, as B. Sari
pointed out, a Banach space admits a uniformly unique asymptotic model
with respect to a family .% if and only if it admits a uniformly unique joint
spreading model with respect to .%.

5. Uniform approximation of bounded operators. We now pass to
the study of the UALS property on certain classes of spaces. First we consider
spaces with very few operators, namely spaces with the scalar-plus-compact
property. The second class includes spaces admitting a uniformly unique joint
spreading model with respect to certain families of Schauder basic sequences.
Here, the notion of joint spreading models and the UALS property come
together in the sense that the first property yields the second one. The third
subsection is devoted to the study of the UALS property under duality.
A consequence of the main result, Theorem is that the spaces C(K)
with K countable compact satisfy the UALS. In the fourth subsection we
show that the spaces L,[0,1] for 1 < p < oo and p # 2, and C(K) for
uncountable compact metric spaces K, fail the UALS property. We close
with some final remarks and open problems.

DEFINITION 5.1. We will say that a Banach space X satisfies the Uniform
Approzimation on Large Subspaces (UALS) property if there exists C' > 0 such
that the following is satisfied. For every convex compact subset W of £(X),
every A € L£(X) and £ > 0 with the property that, for every x € Bx, there
is a B € W such that ||A(x) — B(z)|| < ¢, there exist a finite-codimensional
subspace Y of X and a B € W such that ||(A — B)|y|/zv,x) < Ce.

DEFINITION 5.2. A Banach space X will be called UALS-saturated if
there exists C' > 0 such that for every convex compact subset W of £(X),
every A € L£(X) and £ > 0 with the property that, for every x € Bx, there
is a B € W such that [|(A — B)z| < ¢, every subspace Y of X contains a
further subspace Z such that ||(A — B)|z||z(z,x) < Ce for some B € W.
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5.1. The UALS property for compact operators. The first class
of spaces satisfying the UALS includes spaces with very few operators. We
prove that Banach spaces with the scalar-plus-compact property satisfy the
UALS and are in fact UALS-saturated. Hence, the main result of [AF ] shows
that a large class of spaces, which includes all superreflexive spaces, embed
into spaces that satisfy the UALS. We start with the following variation of
Mazur’s theorem [LT), Theorem 1.a.5|.

LEMMA 5.3. Let X be a Banach space, T € L(X) and lete > 0 be such that
| Ty [l zv,x) > € for every subspace Y of X of finite codimension. Then there
exists a normalized sequence (xy,)n in X such that (Txy,), is seminormalized
Schauder basic.

Proof. Let 6 > 0. Pick x1 in the unit sphere of X with ||Tz1| > ¢
and assume that z1,...,xz, have been chosen for some n € N. Let G be a
finite subset of X* such that, for every x € span{Tzy,...,Tz,}, we have
|z < (1 + ¢)max{g(x): g € G}, and choose z,4; in the unit sphere of
Nyec kerT*g with [ Tapiq]| > e. It follows quite easily that (Tzy), is a
Schauder basic sequence. =

PROPOSITION 5.4. Let X be a Banach space and T € L(X) be a compact
operator. Then inf |T|y| zv,x) = 0, where the infimum is taken over all
subspaces Y of X of finite codimension.

Proof. Ifthe conclusion is false, then the previous lemma shows that T[Bx]|
contains a seminormalized Schauder basic sequence, and this contradicts the
fact that T is compact. =

NOTATION 5.5. Let X be a Banach space. We will denote by IC(X) the
ideal of all compact operators in the unital algebra £(X).

COROLLARY 5.6. Let X be a Banach space, W be a compact subset
of K(X) and A € L(X). Assume that there exists ¢ > 0 such that, for
every © € Bx, there is a B € W such that ||A(x) — B(z)|| < e. Then, for
every & > 0, there exists a finite-codimensional subspace Y of X such that
”(A — B)’Y”E(Y,X) S e+ (5 fO’f' (1” B S W

Proof. Let 6 > 0 and {B;}!" | be a -net of W. Applying Proposition
we choose a finite-codimensional subspace Y of X such that || B;|y || < ¢ for
every 1 < i < n. Note that ||Bly| < 2§ for all B € W. Then, for every z in
the unit ball of Y, there is a B in W such that ||A(z) — B(z)|| < e and hence
|A(z)]| < e+20. Thatis, [[Aly|| < e+24. Therefore ||(A—B)|y||z(v,x) < e+40
for every B€ W. u

THEOREM b5.7. Every Banach space with the scalar-plus-compact property
satisfies the UALS.
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Proof. Let W, A, e be as in Definition 5.1} with A = Al + K4 and K4
compact. Let 6 > 0 and {B;}}"; be a d-net of W with B; = \;I + K; and
K; € K(X)fori =1,...,n.Proposition[5.4|then yields a finite-codimensional
subspace Y of X such that ||[Kaly| < dand || K;|y| < dforalll <i < mn.Pick
an x €Y with ||z||=1and BeW with B=Agl+ Kp and ||A(z) — B(z)|| <e.
Then, for 1 <i < n such that || B — B;|| < J, we have ||A(z) — B;(z)|| < e+9§
and hence |\ g — ;| = || Aaz — Niz|| < ||Az — Biz|| + | Kaz + K;z|| < &+ 24.
Therefore, for every y in the unit ball of Y, we have [|A(y) — B;(y)|| < e+49,
which proves the desired result. m

THEOREM 5.8. Let X be a Banach space such that, for every A € L(X),
there is a strictly singular operator S and A € R such that A = A\ + S.
Then X is UALS-saturated.

Proof. Let W, A, e be as in Definition [5.2] with A = Aal 4+ S4 and Sy
a strictly singular operator. Let § > 0 and {B;}"; be a d-net of W with
B; = M1+ S; and S; strictly singular, 1 < ¢ < n. Recall that for every
infinite-dimensional subspace of X there exists a further subspace Y such
that S4ly and S;|y, for 1 <i < n, are compact operators. Applying the same
arguments used in the previous proof we obtain the desired conclusion. =

5.2. Uniformly unique joint spreading models and the UALS
property. In this subsection we study spaces that admit uniformly unique
[-joint spreading models with respect to families with sufficient stability
properties, described in the following definition, to deduce that in certain
cases they satisfy the UALS property. Such spaces are, for example, all
Asymptotic ¢, spaces. This should be compared to the examples of the
following subsection that fail the UALS and the proof of this fact is based
on the existence of diverse plegma spreading sequences in these spaces.

The families of sequences that we restrict our study to are very rich, in
the sense that any sequence has a subsequence whose successive differences
are in .%, and it is also closed under taking subsequences. Moreover, if a space
has a uniformly unique /-joint spreading model with respect to such a family
then, as already shown in Proposition [4.9] it has to be at least unconditional
and in most cases it has to be some ¢, or cy.

DEFINITION 5.9. Let X be a Banach space. A collection .# of normalized
and Schauder basic sequences in X will be called difference-including if

(i) for every (zp)y in .# any subsequence of (zy)y is in %,

(ii) for every sequence (zy), in X without a norm convergent subsequence
there exists an infinite subset L of N such that, for any further infinite
subset M = {my, : k € N} of L, the sequence (z); defined by z; =
||‘/Em2k—l - mm2k||_1(l‘m2kfl - l’m%) isin #.
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REMARK 5.10. A difference-including collection clearly satisfies (a) and (b)
of Proposition [£.9] In fact, most naturally defined families of normalized
Schauder basic sequences in a Banach space X are difference-including. Such
families include

(i) #(X), the collection of all normalized Schauder basic sequences in X;
(ii) F(14¢)(X), the collection of all normalized (1 + €)-Schauder basic se-
quences in X for some fixed € > 0;
(ili) #o, . for a countable subset .27 of the dual, where

Fo,0 = {(mn)n : (n)n is normalized and 1171111 f(zy)=0 for all fe 427};

(iv) Fp(X) = Z0,(ex), If X has a Schauder basis (en),, where (e},), are the
biorthogonal functionals associated to the basis; notice that a Banach
space X admits a uniformly unique I-joint spreading model with respect
to % (X) if and only if it does so with respect to % (X);

(v) Fo(X) if X does not contain £1;

(vi) Zsu(X), the collection of all normalized Schauder basic sequences that
generate a 1-suppression unconditional spreading model.

In certain cases, for X non-separable it is convenient to consider different
collections %, for different separable subspaces Z of X. This is included in
the statement of the following theorem.

THEOREM 5.11. Let X be a Banach space and assume that for every
separable subspace Z of X we have a difference-including collection %z of
normalized Schauder basic sequences in Z. If there exists a uniform K > 1
such that each such Z admits a K-uniformly unique l-joint spreading model
with respect to Fy, then X satisfies the UALS property.

We postpone the proof of Theorem [5.11]in order to first state and prove
its corollaries. Note that if X is a Banach space and .% is a collection of
normalized Schauder basic sequences in X with respect to which it admits
a uniformly unique [/-joint spreading model, then we may consider, for every
separable subspace Z of X, the family %z = {(zy), in F : x; € Z for
all i € N}. This is in fact sufficient to prove most cases stated below.

COROLLARY 5.12. In the following cases, a Banach space X and all of its
subspaces satisfy the UALS property:

(i) X has a Schauder basis and it admits a uniformly unique l-joint spreading
model with respect to Fp(X).
(ii) X s an arbitrary Banach space that admits a uniformly unique l-joint
spreading model with respect to F (X).
(iii) X does not contain €1 and it admits a uniformly unique l-joint spreading
model with respect to Fy(X).
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(iv) X is an arbitrary Banach space and, for somee > 0, it admits a uniformly
unique l-joint spreading model with respect to F (1. (X).

Proof. All cases follow from Theorem We describe some of the
details. Case (i) follows from the fact that such an X admits a uniformly
unique [-joint spreading model with respect to ﬁ:b(X ) = F0,(ex);» Which is
difference-including. Case (ii) follows directly from the fact that .7 (X) is
difference-including. In case (iii), by Rosenthal’s ¢; theorem [Ro], %o (X) is
difference-including. For (iv), #(14.) is difference-including as well.

COROLLARY 5.13. The following Banach spaces and all of their subspaces
satisfy the UALS property:

(a) the space £,(I") for 1 < p < oo and any infinite set I,
(b) the space co(I") for any infinite set I,

(c) the James Tree space,

(d) every Asymptotic €, space for 1 < p < co.

Proof. The case of ¢,(I") follows from item (ii) of Corollary for
1 < p < oo and from (i) for p = 1, while that of ¢o(I") and the James
Tree space follows from item (iii). Moreover, for case (d), if 1 < p < oo
and X is an Asymptotic £, space, then it does not contain ¢; and admits
a uniformly unique [-joint spreading model with respect to .%y(X), so the
result follows from case (iii) as well. Finally, if X is C-Asymptotic /1, use
Proposition to choose for every separable subspace Z of X a countable
subset 277 of Z* such that Z admits a C2-uniformly unique I-joint spreading
model with respect to .z = % ,. =

We break up the proof of Theorem [5.11]into several steps.

LEMMA 5.14. Let X be a Banach space that admits a K-uniformly unique
l-joint spreading model with respect to a difference-including collection F
of normalized Schauder basic sequences. Then for any D > 2K? and any
sequences (25)n, (Y)n, i = 1,...,1, in F, there exists an infinite subset L
of N such that, for any scalars aq,...,a;, 01,...,0; andny < --- <mnyin L,

(1) min |0;|—= H Zaz

1<i<l

l
2
< o] S|

Proof. Choose C' > K and pass to an infinite set L so that the [-tuples
((2)ner)t—; and ((9%)ner)l_; generate some I-joint spreading models that
are K-equivalent to each other. This means that, after perhaps passing to a
further subset of L, for any n; < --- < n; in L, the sequences (z;i)ﬁzl and

(y;%)izl are C-equivalent and each of them is C-suppression unconditional
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and hence 2C-unconditional. For any scalars ay, ..., a;, 01, . .. 9;, we calculate
a; > — min —— min
H Z Bt || 2 2C 1<i<l ait, | = 202 1<i<l

The other inequality is obtained identically. Therefore, any D > 2K? satisfies
the conclusion. =

The following is another variant of Mazur’s theorem [LT), Theorem 1.a.5].

LEMMA 5.15. Let X be a separable Banach space. Let also Tj; € L(X)
for1 <i<n,1<j<m;andc > 0 be such that, for every i =1,...,n
and each finite-codimensional subspace Y of X, there is an x; € Y with
l|zi|| = 1 and ||Tijz;|| > ¢ for all 1 < j < my;. Then, for every e > 0,
there exist normalized sequences (wz)k, 1=1,...,n, in X such that if we set
Zy = span{{z} }i_) U{Tya} i7", } for k € N and Z = spanlJ,, Zy, then

(1) (Zg)k forms an FDD for the space Z, with projection constant at most
1+¢, '
(i) |Tij(xp)|| > ¢ foralli=1,...,n,j=1,...,m;, and k € N.

Proof. Set A = {I} UA{T;; 1 T’ ., and, for every 1 < ¢ < n, choose a
normalized vector z% in X with ||T;;2¢| > ¢ for all j = 1,...,m;. Assume
that we have chosen (2%)¢_, up to some d € N for 1 < i < n, so that the
spaces (Zj)4_, satisfy (i) for the space they generate and (ii) for 1 < k < d.
Choose a finite subset GG of the unit sphere of X* such that, for all  in the
linear span of UZ:l Zy, we have ||z|| < (1 + ¢) max{g(z) : g € G}, and set
F =Urea{T"g : g € G}. Finally, for i = 1,...,n, choose z7,; in the unit
sphere of () ;cpker f such that | Tyjaly, ]| > ¢ for all 1 < j < my. It then
follows quite easily that the sequences are as desired. =

LEMMA 5.16. Let X be a Banach space and assume that for every separable
subspace Z of X we have a difference-including collection %z of normalized
Schauder basic sequences in Z. Let Ty, ...,T; be bounded linear operators
on X and assume that there is ¢ > 0 such that, for every finite-codimensional
subspace Y of X and every i = 1,...,1, we have ||Ti|y||zv,x) = c. Assume
moreover that, for some 0 < § < c and i = 1,...,1, we have Tj1, ..., Tin,
in L(X) with |T;; — T;|| <6 forj=1,...,m;. If ¢ = ¢ — 9, then there exist
a separable subspace Z of X and normalized sequences (z,lg)k, 1 =1,...,1,
m Fy such that

i) for anyny <--- <mny, the sequence (2}, is chauder basic,

i ' th L, is 9/8-Schauder b

(i) ||Tijz|l > ¢/3 forz-l,...,n,]—l ,m; and k € N,

(i) of y! = |Tijzl| "' Tyz), then (y;’j)k is in Fy fori =1,...,n and
j: 1,...,m¢,
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Proof. Note that, for any finite-codimensional subspace Y of X, we may
choose z; in the unit ball of Y such that ||T;z;|| > ¢ — (¢ — §)/4, which
means that forj =1,...,m;, we have ||T;;z;|| > 3(c — J)/4 = 3¢/4. Apply
Lemma [5.15| to find normahzed sequences (%), i = 1,...,n, such that
| Ty 2t > 30/4 forall k € N, i =1,...,n and j = 1,...,m;, and the
sequence (Z ) defined in Lemmals an FDD with constant 9/8. Let Z =

span |J;, Z. Choose Lso thatif weset zj, = ||z}, —ab, ||7H(al, w}n%)
then (zk)k as well as (||T;;25]~ lTwzk)k are in Fz for i = 1,. . J =
1,...,m;. By the fact that (T};x% ) is 9/8-Schauder basic we obtaln
T2kl = [ Tiithny |, — Tigthn |
[EA— mekH
11 3¢/4

> = " )

Statement (i) follows from the fact (Zy)g is an FDD with constant 9/8 and
(z.)i_; is a block sequence. =

S. Kakutani [Kal| proved the finite-dimensional analog of the following
theorem, also known as Kakutani’s Fixed Point Theorem. We present the
infinite-dimensional case by H. F. Bohnenblust and S. Karlin [BK] Which as
already mentioned is a key ingredient in the proof of Theorem [5.11] Recall
that a multivalued mapping ¢ : X — Y between topological spaces has closed
graph if for every (x,,), € X with limz,, = x and (y,,), € Y with y,, € ¢(z,)
and limy, =y, we have y € ¢(z).

THEOREM 5.17. Let X be a Banach space, K a non-empty compact convex
subset of X and let ¢ : K — K have closed graph and non-empty convex
values. Then ¢ has a fized point, i.e. there exists © € X such that x € ¢(x).

Proof of Theorem . Let D > 2K?, i.e. a constant for which the
conclusion of Lemma can be applied to all families .% 5. Set C' = 7D.
Let W be a convex and compact subset of £L(X), A € £(X), and £ > 0 such
that, for all  in the unit ball of X, there is T' € W with ||A(z) — T'(z)|| < e.
We claim that there is a finite-codimensional subspace Y of X and T' € W
such that [[(A —T)|y||zv,x) < Ce. Assume that the conclusion is false. Set
c=0Ce 6 =c¢/2,and ¢ = ¢ —§ = C/2. Choose a maximal J-separated
subset (T;)!_, of W, set n= £/(271), and for i = 1,...,1 choose a maximal
n-separated subset (Ti;)7%; of By (T;,0) ={T € W: ||TZ —T| < 0}. Apply
Lemma [5.16] - to the operators A—T; and A—T;; for i = 1,...,1 and
j=1,...,m; to find a separable subspace Z and normalized 9/8-Schauder
basic sequences (z}); in Fz such that for i = 1,...,0, j = 1,...,m; if
y,? = [[(A—T;j)zL|| 7 (A — T;j)zk for k € N, then |(A — Tj;)zL| > ¢/3 and
the sequence (y,? )k is in Zz. Iterate Lemma to find an infinite subset L
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of N such that (I]) is satisfied for (2})ker and (y?i)keL foralli=1,...,l and
for any choice of 1 < j; < m,;.

Fix k1 < --- < ky in L and take a partition of unity f1, ..., f; of W subor-
dinate to Ty, . .., Tj. That is, fi : W — [0, 1] is continuous, S>t_, f;(T") = 1 for
all T'in W and f;(T}) = ;5. We define a continuous mapping « : W — X by
1) = S 5D

12 i fi(T) 2, |
Let T be an arbitrary element of W, and if It = {i = 1,...,1: ||T—T;| < o},
then for i € I choose 1 < j; < m; such that || T — Tj;,|| < n. Recall that
(23, )i is 9/8-Schauder basic and therefore

l l
2 | > s |2 5 o1
=1 i=1
We observe that
® A= DDl = 5= | >
iy F(T)(A - Tz-j»zmn S ren DI~ Ty

TS P e S
I s A(T)A -~ Ty | S n [FT)]
T ' il T b
2 S T Y, @ @
S, FOIA - Tz I ot
ey, P2 | i
. 11X ser, fi(Ma |l oy
L D S E N LA

i_&)ll 7D 1 13

=3D 4 6D° 12° 127
We now define a multivalued mapping ¢ : W — W by

(T) ={S e W:[[(A-S5)z(T)| < e}.

By assumption, the values of ¢ are non-empty and they are also closed and
convex. It also easily follows that ¢ has closed graph. Hence, from Theo-
rem there exists T € W with T' € ¢(T), i.e., ||(A —T)x(T)|| < e. This
contradicts , which completes the proof of Theorem =

The following lemma shows that if X is a Banach space with a shrinking
FDD that satisfies the UALS property, then the finite-codimensional sub-
spaces of X on which the approximations happen can be assumed to be tail
subspaces.
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LEMMA 5.18. Let X be a Banach space with a shrinking FDD (X)), andY
be a finite-codimensional subspace of X. Then, for every e > 0, there exists a
tail subspace Z of X such that By C By + ¢Bx.

Proof. Letxi,...,x, € Bx with X =Y @span{z1,...,z,}and z7, ...,z
€ X* be such that z}(z;) = 0;; for all 1 < 4,5 < n. Notice that ¥ =
Ni; ker x* Since (Xyn)n is a shrinking FDD, we may choose ng € N such
that ||z} — Py (z)|| < e/ll|z;]| for all 1 <4 <n, and set Z = spanJ,,~,,, Xn-
Pick z € BZ and set z = Zizl xf(z)zi/e. Then |x}(2)| < e/l||x;|| and
z}(z) = z}(z)/e for all 1 <4 < n. Hence |z|| < 1 and z — ez € (-, kerz,
from which it follows that z € By + 2¢Bx. =

The next example demonstrates that a shrinking FDD is necessary above
to assume that the uniform approximation happens on tail subspaces. Let us

recall that the basis of ¢1 is not shrinking.

EXAMPLE 5.19. Let (ey), denote the unit vector basis of ¢; and consider
the operator A : /1 — ¢ with

oo o0
): E Tap—1€1 + E T2n€2,
n=1 n=1

and for z € ¢ the operators BY,B; : 41 — {1 with

Zmnz and B (Zﬂcgn 1—Z$2n)

Set W = co{BF : z € span{ey, ez} and ||z < 1}.

Let x € ¢ with ||z|| < 1 and A(z) = a1e1 +azez, where a; = Y 7 | a1
and ag = ) 7 | T2,. Suppose A(z) # 0 and set a = max{|a1 +az|, |a1 —az]|}.
Notice that a = |ai| + |az|. If a = |a1 + az2], then setting z = al}raQA(:U) we
have ||z|| = 1 and B (z) = A(z). If a = |a1 — a2/, then the same hold for
z= ali@A(J;). Hence, for every x € £; with ||z|| < 1, there is a B € W such
that ||(A — B)x|| = 0.

Pick any B € W and ng € N. Then there exists a convex combination in
W such that B = 371" ;B + 71", b; B, and, for every k € N, we have

Blegp—1) = iy aiyi + iy bizi and Blegg) = >0y aiyi — »ivq biz; and

hence
n n
H(A—B)e%l;e% 61262—2%%- >1-Y .
i=1 i=1
Similarly, ||(A— B)=1==%|| > 3" | a; and thus, for any ko € N with ng <

2ko — 1, cither ||(A — B) 2= )21 || > 1 /9,
Therefore, ||(A — B)|spanfen: n>no}|l = 1/2 while, for every x in the unit ball
of ¢1, there exists a B € W such that ||A(x) — B(z)|| = 0.
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5.3. The UALS property and duality. We make a connection between
the UALS property of a space and its dual. In particular, for reflexive spaces
with an FDD we show that the UALS for X is equivalent to the UALS for X*.
We also show that if X has an FDD and X* has a unique I-joint spreading
model with respect to a difference-including family, then X must satisfy the
UALS as well. This allows us to show indirectly that certain spaces, such
as %o spaces with separable dual, satisfy the UALS.

PROPOSITION 5.20. Let X be a Banach space, A € L(X) and W be a
convex and WOT-compact subset of L(X). If there is an € > 0 such that W
e-pointwise approrimates A, then the set W* = {T* : T € W} e-pointwise
approximates A*.

Proof. If the conclusion is false, then there exists * € Sx+ and § > 0
such that if W*z* = {T"z* : T € W}, then dist(A*z*, W*z*) > ¢ 4+ 4. As
WH*x* is a convex and w*-compact subset of X*, a separation theorem shows
that there exists x € Sx such that z(A*z*) + (¢ + §/2) < infrew x(T*z*),
SO

|Az — Tx|| > 2™ (T — Ax) > e+ /2

foralTeW. n

REMARK 5.21. The compactness of W is necessary in Proposition [5.20]
To see this, consider the case when X = /1, A is the identity operator, and W
is the closed convex hull of all natural projections onto finite subsets of N
with respect to the unit vector basis.

We state the main results and prove them afterwards.

THEOREM 5.22. Let X be a reflexive Banach space with an FDD. Then X
satisfies the UALS if and only if X* does.

THEOREM 5.23. Let X be a Banach space with an FDD. Assume that there
exist a uniform constant C > 0 and, for every separable subspace Z of X*,
a difference-including family Fz of normalized sequences in X* such that Z

admits a C-uniformly unique l-joint spreading model with respect to F .
Then X satisfies the UALS property.

Recall that results from [H|, [HS], [LS|, and [S] imply that if X is an
infinite-dimensional %, space with separable dual then X* is isomorphic
to £1. Also, this is the case if and only if £; is not isomorphic to a subspace
of X. As proved in [FOS|, every Banach space with separable dual embeds
in an %, space with separable dual.

COROLLARY 5.24. Fvery %, space with separable dual satisfies the UALS
property. In particular,

(i) every hereditarily indecomposable £, space satisfies the UALS,
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(ii) every Banach space with separable dual embeds in a space that satisfies
the UALS,

(iii) for every countable compact metric space K, the space C(K) satisfies
the UALS.

COROLLARY 5.25. If X is Banach space such that X* is an Asymptotic £,

space for some 1 < p < oo, then every quotient of X with an FDD satisfies
the UALS.

LEMMA 5.26. Let X be a Banach space, let R : X — X be a finite rank
operator, and let Q = I — R. If T is in L(X), then there exists a subspace Y
of X of finite codimension such that | Ty || zrv,x) < |QT.

Proof. Since RT is a finite rank operator, the subspace Y = ker RT is of
finite codimension. So, ||T|y|| < ||RT|y || + [|QT |y < |QT. =

Proof of Theorem[5.29 1t is clearly enough to show one implication. Let
us assume that X™ satisfies the UALS with constant C' > 0 and let A € £(X)
and W be a compact and convex subset of £(X) that e-approximates A.
Then by Proposition the set W* = {T* : T € W} e-approximates A*
and so there exists a subspace Z of X* of finite codimension such that
|(T* — A")|z|| < Ce. By Lemma and perhaps with some additional
error, we may assume that Z is a tail subspace with an associated projection Q7
and hence

1@n(T = A)|| = (T = AN Q| < C|Qnlle.

Applying Lemma [5.26] we may find a subspace Y of X of finite codimension
such that [[(T — A)|y|| < ||Qn(T — A)|| and hence ||(T' — A)ly || < C||Qyn]le. =

LEMMA 5.27. Let X be a Banach space with a bimonotone FDD and
let (Qn)n denote the basis tail projections (i.e. Qn = I — P, for all n € N).
Assume that for every separable subspace Z of X* we have a difference-including
collection Fz of normalized Schauder basic sequences in Z. Let Ty, ..., T; be
bounded linear operators on X and assume that there is ¢ > 0 such that, for
everyn € N and every i = 1,...,1, we have ||T;Q}|| > c¢. Assume moreover
that, for some 0 < 6 < c and everyi =1,...,1, we have T;1, . .., Tim, in L(X)
with || T3 —T;|| < 60 forj=1,...,m;. Then, if¢ = c—0, there exist a separable
subspace Z of X* and normalized sequences (Z}C)k, i1=1,...,1, in Fz such
that

(i) for anyny < --- < ny, the sequence (2,)!_, is 9/8-Schauder basic,

(il) 1Tzl > ¢/3 fori=1,...,n, j=1,...,m; and k €N,

(iii) of y,icj = HT;SZ}QH_II?;Z}C, then (y,?)k is in Fyz fori =1,...,n and
j = 1, e,y
Proof. For every i = 1,...,l, we choose a normalized sequence (z%*),

such that | TFQ:x%|| > ¢ — (c — §)/4. Since the FDD is bimonotone, we

n-n
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may assume that minsupp(z%) > n for all n € N and 1 < i <[ and that
| Tz || > ¢ — (¢ — 6)/4. This means that all sequences (x}),, (T*z%), for
1 <4 <l are w*-null (by w*-continuity). We may now reason as for Lemmas
[£.15] and [5.16] to achieve the desired conclusion. m

Proof of Theorem [5.23. We renorm the space X so that its FDD is
bimonotone. Let D > 2K?. ie. a constant for which the conclusion of
Lemma [5.14] can be applied to all families .# for all separable subspaces Z
of X*. Set C' = 14D. We will show that X satisfies the UALS with constant C.
Let A € £(X) and W be a convex compact subset of £ of X that e-
approximates A. It is sufficient to find T' € W and ng € N such that
|(T" = A%)Q5, || < Ce. Indeed, then | Quy(A — T)|| = | (T* — A%)Qj || < C=
and by Lemma [5.26] we will be done. If we assume that the conclusion is
false, we may follow the proof of Theorem [5.11] to the letter, only replacing
Lemma [5.16] with Lemma [5.27] to reach the desired conclusion. =

5.4. Spaces failing the UALS property. In this section we present an
archetypal example of a reflexive Banach space X that fails the UALS and
admits a unique spreading model isometric to £». The proof that X fails the
property is based on the fact that it does not admit a uniformly unique joint
spreading model. This reasoning may then be modified and utilized to show
that classical spaces such as L,[0,1] for 1 < p < oo and p # 2, and C(K) for
uncountable compact metric spaces K, fail the UALS.

DEFINITION 5.28. For each n € N, we set X, = (2?21 ®l3)1 and Y, =
(322" @3)0o and let X = (. X, @ Y,)a.

. . oo
For a vector z in X', we write x = ) _

n=1
Yn € Yo, and @, = D1 Tp(j), Yn = Z?il Yn(j) to denote the coordinates of
xy, and y,, with respect to the natural decomposition of X, and Y;, respectively.
Under this notation we compute the norm of x as follows:

Ty +Ypn to mean that x,, € X,, and

oo
=1

2n 9 9
2
ol = 3 (( Z lenll) + (,max loul)”)-
By taking an orthonormal basis for each fo-component of X, as well as
of Y,, and taking the union over all n € N and for j = 1,...,2n, we obtain
a l-unconditional basis for X. Henceforth, a block sequence in X will be
understood to be with respect to a fixed enumeration of the aforementioned
basis.

PROPOSITION 5.29. The space X fails the UALS property.

Proof. Assume that & satisfies the UALS with constant C' > 0 and pick
n € N with C/n < 1/2. For G C {1,...,2n}, consider the bounded operator
Ic : X, — Y, with IG(Zin Ti) = Y icq®i and set A, = Ity 2n) and

1=
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W, = co{lg : #G = n}. Let € X,, with z = 2" 2; and [jz]| = 1,
that is, 3.7" ||lzi] = 1, and o be a permutation of {1,...,2n} such that
lzo)ll = -+ > |lzg Qn)H Then notice that |z, < n%_l and hence
[4n(2) = Ie(@)l| < ;37 for G = {o(1),...,0(n)}.

The basis (e,), of X is shrlnkmg, since X is reflexive, and therefore
Lemma yields a tail subspace Y = span{e, : n > ng} of X such that
(A, — B)ly|| < C/n for some B € W. Then B is a convex combination
B= Ele Ailg, and we have SEL Aixa; = 1/2, where the integral is with
respect to the normalized counting measure on {1, ..., 2n}. Hence there exists
a1 < j < 2nsuch that Zle AiXg, () < 3- Pick any z € X,,(;) with ||z| =1
and supp(xz) > ng and notice that ||A,(z) — B(z)|| > 1 — Zle AiXa, (7)-
Thus [|(An — B)|y|| > 3. a contradiction. =

The space X is a first example of a space failing the UALS property.
As we show next, it admits a uniformly unique spreading model while it
fails to admit a uniformly unique [-joint spreading model. We start with the
following lemmas.

LEMMA 5.30. Let (z*);, be a block sequence in X with ¥ = S "L xk 4ok

n=ng

and assume that ||:c )|| = ||$ J)|| and ||y ])|| = Hy H for all k1, ke € N,

ng<n<nj andl §j < 2n. Set e = ||2¥| for k GN Then for allm € N
and M\, ..., Am € R, we have |31, Mea®|| = e300, A2)/2.

Proof. Let ko € N. For every k € N and ng < n < ny, since (z*); is block,
we have

Hg}kkxfwa‘)H = (é%” n)| ) i) “(ZAQ)

We thus calculate

ORI DR

and similarly

2n m m 1/2
= 2| X x| = ten (3 4%)
j=1

k=1 k=1

m m 1/2
k|| _ k 2
G > | = ZAkynU | = 0||(;Ak) -
Finally, using and , we conclude that
m 2 U m 2 2
© X = 30 (|2 )
k=1 =

m m

ny
Z S (ke + llypel?) = Akl ). =

k= n=ng k=1
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LEMMA 5.31. Let (ng)r>0 be an increasing sequence of natural numbers
and (21, be a block sequence in X such that
(i) there exist c¢1,co > 0 such that ¢; < ||2¥|| < ¢a for every k € N,
(it) o = 3oL, (@ + k) + 2o, 41 (2 + yi) for every k €N,
i) 1ot | = 5 ) and 5, = 2, | Jor alt ks, ko € N, g < <
and 1 < j < 2n.
Then, for allm € N and \1,..., \n € R,

01<Z)\k>1/2 < H i)\kka < cz(i)\%)lm
k=1 k=1
Proof. Using (), we have
|3 e
k=1
m m Nkt1
= 3 (I3t + [ X2 rwt]) £33 ekl + Ikl
- = k=1 k=1n=np+1
Nk41

m ni
:Z > Ul + sl ZAQ > Ul + llynl?)
k=

n=ng = n=ng+1
m ni Nk+1 m
=3 PO b+ Ikl + Y2 (bl + wkl®) = D ARl
n=ng n=ng+1 k=1

Whl(:h7 due to (i), yields the desired result. =

PROPOSITION 5.32. Let (2¥) be a normalized block sequence in X. For
every € > 0, (zF) has a subsequence (z¥); such that for every m € N and

Ay Am € R,

(1_5)(§:A?>1/QSH§:AM’“ (1+¢) (Z)ﬁ)m
=1 i=1

Proof. We choose L € [N]* with limgey, Hxn(j)H = apj and limger, Hyﬁ(j)H

= by jforalln € Nand 1 < j < 2n. Set limyey, ||z || = ay, and limgey, ||y% || =

As Y% (||2k]12+[|yk|1?) < 1for all k € N, we deduce that > 00 | a2 +b2 < 1
Let (g;); and (;); be sequences of positive reals such that Y .2 &; < e and

Y2y ;i < e. We then choose, by induction, increasing sequences (n;); C N

and (k;); C L such that for every i € N,

(1) n; > max{n : zpi Tt £ Oor Yo £ 0} when i > 1,
(ii) Zn>ni ap + by < ei,

i 2 k; 2
(iii) 22:1 jil H|1:n( | — an,]’ + ‘Hyn(J J| < 0;.
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For each i € N, due to (iii), we may assume that ||x : )|| = ap; and
||y H by for all 1 <n < n;and 1 < j < 2n, with an error ;. Then
Lemma [5.30] yields

D) IR SERE RS

1=2 j=i n=n;_1+

_(éa_éxg)l (ZéZV)W

Hence, applying Lemma |[5.31] we calculate

HZAJC ( (zFi +yf) + ”il (a:f;%—y,]?))H
—
_ 2\ "/
Qﬁ(;AZ)

> Vi g (Ya) " ave(yoa)

i=1 i=1
and
ni Ni+1
HZM ( (h +yk)+ > @)
=1 n=n;+1

+2ﬁ(ZA§)1/2
< \/m(ixf) +2\f(2)\2>1/2

COROLLARY 5.33. FEwvery spreading model generated by a basic sequence
m X is isometric to fo and hence X admits a uniformly unique spreading
model with respect to F(X).

REMARK 5.34. Using similar arguments we may show that every [-joint
spreading model generated by a basic sequence in X is isomorphic to £,
while this does not happen with a uniform constant and (as already shown)
X fails the UALS property. This exhibits a strong connection between the
UALS and spaces with uniformly unique joint spreading models, which fails
when the space only admits a uniformly unique spreading model.

As mentioned in Section 3, the space from [AMI] is another example of
a space that admits a uniformly unique spreading model and fails to have
a uniform constant for which all of its [-joint spreading models, for every
[ € N, are equivalent. This space however satisfies the stronger property that
none of its subspaces admits a uniformly unique I-joint spreading model, in
contrast to the space X which contains £s.
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Motivated by the definition of X, we modify the above arguments to
show that every L,[0, 1], for 1 < p < oo, as well as C(K) for an uncountable
compact metric space K, fail the UALS.

PROPOSITION 5.35. For every 1 < p < g < oo, the spaces (Y ®l,)q and
(>-®Ly)p fail the UALS property.

Proof. For each n € N, we set X, = (32", @,)p, Yo = (327, @0,),
and X = (3 X, @Y},)q. Assume that X satisfies the UALS property with
constant C' > 0 and pick n € N with C'/n" < 1/2, where r = (¢ — p)/(pq).

For every G C {1,...,2n}, consider the operator Ig : X,, — Y,, such
that IG(Z?;H aiTi) = Y eq @ivi and set Ay, = Iy 9y and Wy, = co{lg :
#G =n}. Let 2 € X, with 2 = 32" 2; and 3.7, [|lz:]|” = 1 and let o be a
permutation of {1,...,2n} such that [[z,y)[[P > -+ > [[z52n)||P. Hence for
G={o(1),...,0(n)} we have ||A,(z) — Ig(x)| < 1/n", and using the same
arguments as in the proof of Proposition [5.29] we derive a contradiction. The
case of (> @)y is similar. =

REMARK 5.36. It is immediate that if some infinite-dimensional comple-
mented subspace of Banach space X fails the UALS property, then the same
holds for X.

PROPOSITION 5.37. The space Ly[0,1] for 1 < p < co and p # 2 fails the
UALS property.

Proof. Recall that, as follows from Khinchin’s inequality, £o embeds iso-
morphically as a complemented subspace into Ly[0,1] for all 1 < p < oo.
If p > 2, for each n € N set X,, = (3.7, ®fa)2 and Y, = (327", ©la)y,
and if p < 2, set X, = (37", ®fa), and Y;, = (37", ©fa)2. Then, by the
proof of Proposition X = (). eX,aY,), fails the UALS, and since
it is complemented in L,[0,1] = (> @®L,[0,1]),, the latter also fails that
property. m

PROPOSITION 5.38. The space L1]0, 1] fails the UALS property.

Proof. Assume that L;[0, 1] satisfies the UALS with constant C' > 0 and
pick n € N with C/n < 1/9. Set X,, = (327", @)1 and Y;, = (327", ©fa)a.
Since ¢; is isometric to a complemented subspace of L1[0,1], the same
holds for (3 ®X,,)1. Moreover, Khinchin’s inequality shows that ¢5 embeds
isomorphically into L]0, 1] and hence so does (}_ @Y, )2.

For every G C {1,...,2n}, consider the operator I : X;, — Y, such that
I6( aini) =Y e aiwi and set Ay =1I{; o,y and Wy, =co{lg:#G=n}.
As above, for all x€X,, with ||z| <1, we may find GC{1,...,2n} such
that ||A,(z) — Ig(z)||<1/n. Let B=Y"F  \Ig, in W, and Y be a finite-
codimensional subspace of L1[0, 1] such that ||(A, — B)|y || < C/n and choose,
as in the proof of Proposition 1<5<2n with Zle AiXg, () <1/2.
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Let a7,...,2] € Loo[0,1] with Y:ﬂézl ker z¥. Denote by (€y,)m the basis
of X,(;) and choose M €[N]*® such that (z](em))mem converges for all
1<i<l. Using Lemmawe choose my, mg € M such that d(x,Y)<1/8 for
r=(€m; —€m,)/2. Then || A, (x)— B(x)||>1/4 and hence || (A, — B)|y| >1/9,
a contradiction. m

PROPOSITION 5.39. The space L0, 1] fails the UALS property.

Proof. Fix n € N. The o-algebra B[0,1] of all Borel sets of [0,1] is
homeomorphic to that of [0, 1]?" and hence Lo [0, 1] is isometric to L [0, 1]?™.
For 1 < i < 2n, denote by B; the o-algebra generated by {B € H?ﬁl B[0,1] :
Bj = [0,1] for j > i} and for f € Loo[0,1]*" set E;(f) = E[f|B;] and
consider the operator 4; : Loo[0,1]?" — Lo([0,1]%, ®;<; A) with A;(f) =
Ei(f) — Ei—1(f), where Eyg(f) = 0 and A denotes the Lebesgue measure
on [0, 1].

For every G C {1,...,2n}, let

2n
Ac : Loo[0,1)2" — (Z ®La([0, 1), @< A))Oo
i=1

with Ag=3,cq Ai and set A, = Agy 9n) and Wy, =co{Ag : #G =n}. Ob-
serve that (37", ®La([0, 1], ®j<i A))eo embeds isometrically into Le[0, 1]2"
and hence Ag : Loo[0,1] = Leo[0,1]. Let f € Lo[0,1]?" and notice that
(Ei(f))?", is a martingale, since B; is a subalgebra of B; for every 1 <
i < j < 2n. Then for the martingale differences (A;(f))?*; the Burkholder
inequality [B] yields a ¢z > 0 such that

1 2n 1/9
(") (1 202)” < el

0i=1

CLAIM 1. For every e > 0, there exists ng € N such that, for everyn > ng

and f € Loo[0,1]%", there is a B € W, such that ||(A, — B)f|| <ellf|l-

Proof of Claim 1. Pick ng € Nsuch that cp/,/ng < e. Let n > ng and f be
in Loo[0, 1]2™ with || f|| = 1. Then, as a direct consequence of (7)), we see that
#{i : |Ai(f)]l2 > e2/v/n + 1} < n. Let o be permutation of {1,...,2n} such
that [| A,y (f)ll2 = - = [|As(en) (f)ll2- Hence for G = {o(1),...,0(n)}, we
conclude that ||(A, — Ag)f|| < c2/+/n and this yields the desired result. =

CLAIM 2. For every n € N, every finite-codimensional subspace Y of
Loo[0,1]?" and B € W,,, we have ||(A — B)|y|| > 1/9.

Proof of Claim 2. There exist z},...,2] € (Loo[0,1]*")* with ¥V =
ﬂﬁzl ker 7 and also B is a convex combination Zle NiAg, in Wy,. Then, as
in Proposition choose 1 < j < 2n with Zle AiXg,(j) < 1/2. Denote

by (Rm)m the Rademacher system and consider a natural extension (R, )m
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into Loo[0, 1]2" such that Ry, (t1,...,t2n) = Rum(t;). We choose M € [N]>
such that (fU;k(Rm))meM converges for all 1 <4 <[, and applying Len}ma
we find mi,me € M such that d(f,Y) < 1/8 for f = (Rm, — Rm,)/2.
We recall that (R,,)m, is isomorphic to the unit vector basis of ¢ in
the Loo-norm and hence [|f|lo = 1. Notice that, for every m € M, we
have Ai(Rm) = 6Z]Rm and ”Rm||2 = 1, and since R,, are orthogonal,
1Ry = Rensll2 = ([ Bony I” + | Rino||*) /. Hence ||(Ay — B)f|| > 1/4 and so
we conclude that ||(A, — B)|y| > 1/9, since d(f,Y) < 1/8. m

Assume that L[0, 1] satisfies the UALS with constant C' > 0 and pick
e > 0 such that Ce < 1/9. The first claim yields an n € N such that, for every
[ € Loo[0,1]?" with || f|| < 1, there exists B € W,, with ||(A, — B)f| < e.
Hence there exist a subspace Y of Ly[0,1]?" of finite codimension and
a B € W, such that |[(A — B)|y|| < Ce, and this contradicts our second
claim, since Ce < 1/9. m

PROPOSITION 5.40. Let K be an uncountable compact metrizable space.
Then the space C(K) fails the UALS property.

Proof. We set §2 = {—1,1}Y, and Milyutin’s theorem [M] implies that
the space C'(K) is isomorphic to C(§2) for every K uncountable compact
metrizable. We now fix n € N, consider a partition of N into disjoint infinite
sets N1i,..., N, and set £2; = {—1,1}" for 1 < i < 2n. Clearly C(2) is
isometric to C(T[2", ).

In a similar manner to the previous proposition, for every 1 < ¢ < 2n, we
define E;, A; : C(H?Zl $2;) = La([];<; £2j,®j<i pj), where by p; we denote
the Haar probability measure on §2;. Moreover, for every G C {1,...,2n},
we define the operator

o(I19) = (L ([ oscim)),
i=1 i=1 j<i

with Ag = > ;e Ai. Observe that (21221 Lo(I1<i 25, ®j<i p15))oo 18 iso-
metric to a subspace of C'(£2) and hence Ag : C(2) — C(£2). Also set
An = Aq,. 20y and W, = co{Ag : #G = n}.

The family (7, ), of the projections of {2 onto its coordinates corresponds to
the Rademacher system in L[0, 1]. Therefore, assuming that C({2) satisfies
the UALS property, we arrive at a contradiction applying the corresponding
arguments of Proposition [5.39 =

5.5. Final remarks. This last subsection contains some final remarks
and open problems concerning the UALS property. We start with the following
example suggested by W. B. Johnson which shows that in the definition of
the UALS we cannot expect the uniform approximation to happen on the
whole space.
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EXAMPLE 5.41. Let || - || be a norm on R? and for z,2* € R? define the
operator z* ® z : R? — R? with 2* ® z(y) = 2*(y)x and set

W =co{z* @z :z,2* € R? and ||z|, ||=*| < 1}.

Let y € R?with [|y|| < 1and 2* € R? with ||z*|| = 1 be such that z*(y) = HyH
Then for z = y/||ly||, we have 2* ® x € W and ||z* @ 2(y) — I(y)|| = 0, where
I denotes the identity operator.

For any B € W, there exists a convex combination Z?Zl a;B; in W
such that B = Z?Zl a;B;. Then a;, > 1/5 for some 1 < ip < 5, and for
x € ker B, with ||z]| = 1 we have ||lz — 33, a;Bi(z)|| > 1 — >+, a;. Hence
I —BJ|| >1/5for all Be W.

This example is extended to every Banach space of dimension greater
than two by the following easy modification.

PROPOSITION 5.42. Let X be a Banach space with dim X > 2. There
exist C > 0 and a conver compact subset W of L(X) with the property that,
for every x € Bx, there exists a B € W such that ||x — B(z)|| = 0 whereas
Il — B|| > C forall Be W, where I : X — X denotes the identity operator.

Proof. Let e, es be linearly independent vectors in X, denote by Y their
linear span and let Z be a subspace of X such that X =Y & Z. Set

W =col{z* @xly +I|z:z,2* € Y and |z, z*]| < 1}

and notice that, using similar arguments to those in the previous example,
we obtain the desired result. m

REMARK 5.43. 1. Gasparis pointed out that in the case of ¢g, the UALS
can be proved without the use of Kakutani’s theorem. This is a consequence
of the following fact. Let T € L(co) and (z%)n, 1 < i < [, be normal-
ized block sequences such that for some ¢ > 0, we have ||T(zl)| > ¢ for
all n € N. Then, for every 0 > 0, there exists a choice n1 < --- < my
such that HT(Z:z 1Tyl > € — 0. Assume now that Ti,...,T; € L(co)
and € > 0 are such that, for every x in the unit ball of ¢y, there exists
1 < i < [ such that | T;(x)|] < e. Then, for every ¢ > ¢, there exist
1 <i < landng € N such that | Ti|spange,:n>no}ll < €' If not, we may
choose for each i = 1,...,l a normalized block sequence (z%), such that
| T;(z%)|| > &' for all n € N. Then applying simultaneously the above ob-
servation for the operators Ti,...,T;, we may select ny < --- < ny such

that
!
)T(an)H >e foralli=1,....1,

and this yields a contradiction.
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REMARK 5.44. There exist Banach spaces which satisfy the UALS while
this is not true for all of their subspaces. As already shown, every L,[0,1]
for 1 < p < 0o and p # 2 fails the UALS whereas item (ii) of Corollary
implies that it embeds in a space satisfying this property.

Another open problem in a similar context is the following. Notice that
all spaces in the previous subsection failing the UALS contain a subspace
which satisfies that property.

PROBLEM 2. Does there exist a Banach space such that none of its subspaces
satisfies the UALS property?
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